Chapter 4

LQ(R?FH) - Boundedness of

Pseudo-Differential Operators

involving the Weinstein transform

4.1 Introduction

The LP- boundedness of pseudo differential operators is an important result and suit-

ably used in various problems of mathematical analysis and its applications. Exploit-

ing this theory, varieties of work have been done by many important mathematicians.

Calderén and Vaillancourt [4] discussed the L?- boundedness of M-order pseudo dif-

ferential operators associated with symbol p(zq, x2,§) € 5%1,61 for0 < p<d,d <1
(61462)

and & > te) _, Fefferman [17] investigated sharp LP- boundedness results for
n 2 P g p

pseudo-differential operators in the class S, Illner [30] found the LP- boundedness
of pseudo-differential operators with symbol p(z, &, y) € S/‘)"&E foru < (p—1)(n+1),

Cato [31] constructed the L?- boundedness for pseudo-differential operators with

89
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symbol a(z, ) lies in 527 , for 0 < p <1, Nagase [43] investigated the LP- bounded-
ness of pseudo-differential operators with non-regular symbols, Hwang and Lee [29]
found the L? - boundedness of pseudo-differential operator with symbol class Sy,
for m = —n|1/p — 1/2|, Wong [81, p. 77| proved that the LP(R") - boundedness of
pseudo-diffrential operators T, for o € S°. These LP - boundedness results made
strong foundations of pseudo-differential operators involving Fourier transform with
different types of symbol classes. Exploiting the Hankel transform theory, Pathak
and Upadhyay [57] established the LE - boundedness results of pseudo-differential
operators with symbol class H™. Using L - boundedness properties, authors showed
that h,, is bounded linear operator from W;? — WP and WP — WS~ re-
spectively. These spaces are defined in [53]. Motivated from the aforesaid important
literature, our main objective of this chapter is to investigate the L? (RT“I) - bound-
edness of pseudo-differential operators associated with certain class of symbol S°
involving the Weinstein transform.

Contents of this chapter are organized in the following way:

Section 4.1 is introductory which describes the brief motivation of the LE(R}*)
- boundedness of pseudo-differential operators. In Section 4.2, an integral repre-
sentation of pseudo-differential operators and other properties are obtained. The
LP (R*1) - boundedness of the pseudo-differential operators T,, associated with sym-
bol o(z,€) in the symbol class S° involving the Weinstein transform techniques is
obtained. In Section 4.3, LE(R*!) - type Sobolev space of order r is defined and
boundedness of the pseudo-differential operators 7, : H}* — H.~"P and other

properties are given.
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4.2 An Integral Representation of Pseudo Differ-

ential Operators

An integral representation of the pseudo-differential operators T, associated with
a symbol o € S™ involving the Weinstein transform is obtained and its various

properties studied.

Lemma 4.2.1. Let a > —% and o be a symbol in S°. Define

’

Ko = [ @O Gt (@), a:2.1)
+
in the distributional sense. Then
(i) for each fived x € R, K(x,-) is a function defined on R’
(i1) for large values of k € Ny, there exists a positive constant Cy j such that
K (,2)] < Ca(L+ 12?720+ [122) ™ (422)

Proof. For k € N, (4.2.1) can be written as

Iy oA

Ko, = [ &G (L [210) 51 = Bane) oo, diae).

Invoking Binomial Theorem, we get

K(xv Z) - /Rnﬂ ei(z ¢ >ja<zn+1€n+l)<1 + Hz”Q)ik
+

% (i ('j) (—1) AL, colz, f))dua(é)-

r=0
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Therefore,

K (w2)| < (14 [) Z( V[ 1B l)

In view of Lemma 3.3.2, the last expression becomes

Koo <04 * S 3 OO () B

r=0 j=0 I=1 |§'|<r—j

<[l Do, ()
R

SRS (0 e

r=0 j=0 I=1 |§'|<r—j

[ T D2 o,
R

Using the fact that o € S°, we obtain

LEEIEYENEEED 3 3 3l Dl (3] ([ R PR

r=0 j=0 I=1 |§'|<r—j

[l T o)L )

+
For large values of [, the above expression becomes

wea<0 Y S () ) FCa

r=0 j=0 I=1 |§'|<r—j

. / A EP TR ) () e



Chapter 4. L2(R™") - Boundedness of P.D.O. involving the W.T. 93

Therefore,

K (z,2)] < (14 [|201P) (0 + [J«]) qi T ZZJ (i)(;)(alr_]éj

r=0 j=0 I=1 |§'|<r—j

E&,zAaC%'H,O/ +1(1 + ||€||7) A IH 2 g
Rn

+

It gives

K, 2)] < (1 [[2])7F (1 + ) qzk: T i(D@

r=0 j=0 [=1

EiAuCio [ (L [€?) e s
.
Choosing r > 2a + § + %, there exists a positive constant C, , such that
K (2, 2)] < Cap(L+ [l + |2~

]

Theorem 4.2.2. Let a > —3 and 0 € S™. Then for all u € S,(RT™), the pseudo-

differential operator T, can be written as
g = [ ([ K@D i) ut) o), (123
Ri+1 Ri+1
mn the distributional sense.

Proof. Exploiting the concept of [10, p. 266], we can see that the Schwartz space
S.(R7*1) is invariant under the translation operator 7, x € R, Then for all

u € S, (R™™), we have F,(7%u) € S.(R"™). Now, from (1.4.12), we have

() = [ )Pl ) (v)
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In view of (1.4.13), above expression becomes
) = [t / i)
R1+1 Ri+1
xXe g)J (Zn—l—lgn—&—l d,uoz

Therefore,

~

(Tgu)(z) - / +1 €i<x ¢ >ja(xn+1€n+1)e_i<z 4 )Ja(zn—i—lgn-‘rl)
Rn

)

(ynJrlfnJrl )

X w(®)e™ 0 F (Y1) dptaly) ) dpa(€)
(L )

= / . e’ ot >ja(xn+1€n+1>€_i<z o )ja(zn—l—lfn—&-l)(]:au) (§)dpa(s).
Ry

Invoking (1.4.1), we get

(720)(2) = Fa[e® € Ja(@nprborn) (Fau) (€)] (2).

Therefore, we get

ASVINEN

(Fa)(€) = [ ) Jo(@p1bnn)] Fu (70u)(€) € SL(RTFY).

Now, we define the pseudo-differential operator in the distributional sense

~

(Tyu)(z) = <ei<w'v€'>Ja(xn+1£n+1)a(x, £), (Fau) <£>>-

From (4.2.4), (4.2.5) becomes

(Tou)(x)

(o(2,6), o (72u)()).

() ons16001)0(, ), [ )]

SE ()

(4.2.4)

(4.2.5)
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From Theorem 1.4.8, we obtain

(Tow)(w) = (Fo (o(2,0)) (2), (75w)(2) ).

Using (4.2.1), we get

(Lyu)(x) = (K(z,2), (77u)(2))
- [ K2 o)

Invoking (1.4.12), the last expression yields

O

n+1
R+

Dale.y, Z)U(y)dua(y))dua(2)~

+1
RY
[l

Theorem 4.2.3. Let a > —3 and 0 € C*(R™), k € N. Assume that for B € Ny,

there exists a positive constant B such that
[DEO)] < B+ Igl) ™, 181 < k. (4.2.6)
If

w(l') = /Rn-!—l €i<x/7§’>ja(anrlgnJrl)e(f)d,Ua(f), (427)

then v € LP(R"™), for 1 < p < co.

Proof. For k € N, (4.2.7) can be written as

0@ = [ o)1+ [12) L = B U da(E

+
k

/Ri+1 ) Jo(@nir&nsn) (1 + [J]?) " ( > (l:) (—1)%2@59(5)) dpa (€).

r=0
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Therefore,

()] < (1 + ) Z( )/ )

In view of Lemma 3.3.2, the last expression becomes

TR S ) 3D D) () B

r=0 j=0 I=1 |§'|<r—j

o I ARG NG
R7H!

Thus, we obtain

s SEE 2 ()

r=0 j=0 I=

> /Rn+l |£n+1 ’lfr+2a+1 ‘ D§5’+l6(f) |d€

+

Using (4.2.6), we obtain

k r 27 .
r—17
RCIEIEE LD 9 3) o ol (4[4 PR
r=0 j=0 =1 |§'|<r—j 177" U

< [ Sl )
+

For large values of [, above yields

G <04 )Y S BV

r=0 j=0 I=1 |§'|<r—j

x / (L4 [JENP) 20 (1 4 (]2 e,
R+

+
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Therefore,
k r 27 T—j
pls a5 5 (1)) (6 )
r=0 j=0 I=1 |§'|<r—j 1" » Un
x E;zAaB/ (14 [J&]f?)—r20r2ertge,
) Rz+1
It gives

(@) < (1+ [le]?) Z T Z()@

r=0 5=

XA [ ()T
) Ri+1
Choosing r > 2a + 5 + %, there exists a positive constant B, ; such that
()] < Bag(1+ [Jzf*)~"
Therefore,

||¢HLZ(R1+1) < Ba,k”(l + ||x||2)7k||LZ(RT'1)7

for large values of k € N. Therefore ¢ € LE(R/H). O

Theorem 4.2.4. Let o > —1 and 0 € C*R), k € N which satisfies (4.2.6).

Then for 1 < p < oo, there exists a positive constant Cy, i, such that

||T9u||Lﬁ(RT1 < ka“U”Lg(RTrl), u € S*(R1+1) (4.2.8)

where

VNN

(Tou) (2) = / ) Jo (11 6n11)0(E) (Far) (€) dpta (€). (4.2.9)

n+1
R+
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Proof. Using (1.4.2), (4.2.9) can be expressed as
(Tyu) (x) = F [0 (Fau) ()], ue SJ(RTM). (4.2.10)
Now, assume that there exists ¢ such that
() # u)(z) = Fo  10(6) (Fauw)(€)](2),  u € Su(RYT). (4.2.11)
From (4.2.11), (4.2.10) becomes
(Tou) () = (¥ %, u)(2).
In view of Theorem 4.2.3 and (1.4.16), we have
HT9u||Lﬁ(Ri+1) < ||¢||L;(R1+1)||U||Lg(m+1)-
Since ¢ € LL(R’™), therefore, we can find a positive constant C,, ;. such that
HTBUHL{;(RTU < Oa,k“uHLg(Ri“)-
[

Theorem 4.2.5. Let a > —% and o € S°. Then for 1 < p < oo, the pseudo-

differential operator T, : LE(RT!) — LP(R'™) is a bounded linear operator.

Proof. Let us denote

Z" x No = {(z1, 22, ,Tp, Tpy1) 25 € Z,1 < j <n,xp41 € No},
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and M = (m,m,), for m € Z",m; € Nyg. Then we write R as a union of Qy,

with disjoint interiors, i.e.,
R =R"x (0,00)= | Qu.
MeZ™ xNg

where (Qy; be the product of n-dimensional cube with center at m, edges of lenth
one, parallel to the coordinate axes and the interval [mq,m; + 1].

Let 7 be the smooth function defined on R’™" such that

n(x) =1, Vo € Qo

and
|DIn(z)| < C,,  VyeNjH (4.2.12)

where C, > 0 is constant depends on 7.
Now, define
Om(,€) = n(z — m)o(z,€), Va,& € RI (4.2.13)

Then, from (2.2.5) we have

I

(To,,u)(2) = / ) Jo (1) om (@, €)(Far) (€)dpa (€). (4.2.14)

Ry
Using (4.2.13), we get

!

(o) 2) = [ it = m)a(e, €)(Fa) (Odna(6)

AV

=n(z —m) "5 Jo(@ns1€ns1)0 (2, &) (Far) () dpa (€).

n+1
R+
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Taking (2.2.5), we can get
(T, u) (x) = n(z —m)(Tou)(z). (4.2.15)

Now, we have

/ ’(To“)(ﬂfﬂpdua(as)g/

n+1
M RY

[n(a —m)(Tou) (2) [ dpa ().

Therefore, from (4.2.15) we find

/ |(Tou) (z)["dpia(z) g/ (T, u) (@) dpa (). (4.2.16)

n+1
M R+

Since o,,(z, £) has compact support in variable x and applying inversion formula of

the Weinstein transform (1.4.2), we obtain

om(z,€) = / . e M) T (@1 A1) (Faom) N, €)dpia(N), (4.2.17)
Ry
where
(Fatm) (A, €) = / ) e~ N T (i A )0 (2, €)dpta (). (4.2.18)
R+

Invoking (4.2.17) in (4.2.14), we get

/ A

(Tamu) (z) = / e'tr ¢ >‘]a(xn+1’£n+1)
R+
X (/ . e'tr A >ja<xn+1)‘n+1)(faam) ()‘ag)dﬂaO‘)) (Fau)(§)dua(8)
Ry
N / ei<w/7x>ja(xn+1)\n+1)
R+

x ( / ) (@€ (Faom) (A,s><au><s>dua<g>)dﬂam.
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Hence,

o)) = [ [ @) G, (@219
+ +

where

VNN

(Tau) (x) = / ) Jo(@ni16ni1) (Faom) (N, ) (Far) (€)dpa(§).  (4.2.20)

Ry
For the proof of the present theorem we need the following Lemmas.

Lemma 4.2.6. Let o > —1 and 0, be defined in (4.2.13). Then for 3 € Ng™' N €

Ny, there exists a positive constant C, n such that
|1 D¢ (Faom) N E)| < Can(M+ NP NA+ DT, 8l <k (4221)
Proof. Using (4.2.18), we have

D? (]:aam)()\, ) = / e iz A >ja(xn+1>\n+1)D?0m(x, &)d i ().

n+1
R-‘-

Invoking (4.2.13), we get

D? (faam) (A€ = / €_i<zl’x>ja($n+1)\n+1)77($ - m)DgBU(% §)dpia (7).

n+1
R+

Using (1.4.3) for N € Ny, we have

W@%wﬂz/eW“%mMWMHw%N

n+1
R+

% (1= D) (n(e = m) Do (,€) ) diia(a).
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Using Binomial Theorem, we get

A

D (Faowm) (X €) = / N Ja(@nridns) (L4 AP) Y

xz( )AL (1~ Do (0.9 o).

Therefore,

| D (Faom) X )] < (1IN Z()

x /
n+1
R+

From [49, Lemma 2.1], we have

By (nle = m) Do (,)) |dpa()

AL f@)] <) Cap| DV f(2)], Vf € CRREY).

[yI<r

Using (4.2.23) we can write (4.2.22) in the following way

|DZ (Faom) (0,6)| < (14 A1) NZZ()

r=0 |y|<r
X/
+1
R}

By Leibnitz formula, the last expression becomes

D (Far) 06| < (1 + A szz( )( )

r=0 "y‘<r6<2’y
></ Dyn(x —

n+1

R+

D2 (n(x —m)D{o(r,)) |dpa(a)

m)|| D2~ Doz, €)|djualx)

(4.2.22)

(4.2.23)
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Since o € S° then from (4.2.12), we get

Vﬂ%%w@\1+MHNZ§32()Gﬁca@Hﬁ

r=0 |y|<r 6<2y

<[l ) o)

+

For each ¢ € N, there exists a positive constant C,, y depends only on o and N such

that

| DL (Farm) X, )] < Cae (1 IAIR Y (1 + 1)) 7.

Hence, from Theorem 4.2.4 and Lemma 4.2.6, the operator u — T)u defined on
S.(RY*1) by (4.2.20) can be extened to a bounded linear operator on LP(R").

Moreover, using the similar steps of Theorem 4.2.3 and Lemma 4.2.6, we obtain
‘fa_l [(Faam)()\,ﬁ)” < Boni(l+ IMD) N+ [z, YN,k €Ny (4.2.24)

Using (1.4.11) and (1.4.16), we get

Hnmem=(4W

— [ (7 [ Farm 0, O] ) @)

=

(Fa [Faomd0 0] ) )] o))

LE(RTHY)

Applying (1.4.16), we get

”T)\UHLZ(RT'I) < H]:oz_l [(]:aam)()\,f)] ||L(11(Ri+1)HUHL£(R1+1)'
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From (4.2.24), the last inequality becomes
Il gty < Bl IAIR NI + el ™1 g eyl oy
For large k € N, we get a positive constant C,, y i such that
sl g gnrty < Convie(1 4 IMP) ™ lull sy, N € No. (4.2.25)

From (4.2.19), we have

Towtligaesy = ([ (o))
+

(L.

The last expression becomes after applying Minkowski’s inequality

S =

L A p
[ o) () )0 (o))
R

1
oz < [ ([ 100 i) ) dio )
R:L:Fl R1+1

< [ Tl odia (V).

+

In view of (4.2.25), we get
ety < Cowva ([ 0+ N o) )l e
+
For sufficiently large natural number N, we get a positive constant F, yj such that

||To—mu||Lg(R1“) < Ea,N,kHUHLg(Ri“)- (4.2.26)
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After using (4.2.16), we have

[ 1T o) < Tl g

M

From (4.2.26), the last inequality becomes

[ 1)@ ) < Bl (1227

M

Let Qur, Q3 and Q37 be the cubes with same center respectively. The length of 7}

is the twice of length of Q. Let @}, be another concentric cube with Q5 and Q%;

satisfying Qs C Q3 C Q-
Let 9 be the smooth function defined on RTFI, with compact support and satisfies

the following properties:
i) 0 <9(z) <1, VaeR}H
(if) supp(y) € Q3

(ili) and ¢(x) =1 for all  in a neighbourhood of Q},.

If we write u = u; + ugp, where u; = ¥u and uy = (1 — 1»)u. Then we have

NS

(@) = [ e nnrn)le. € (Falun + ua)) (©da(6)
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Thus, we get

/

O (@10, €) (Fatir ) (€)dpta(€)

) = [ e

+

+ /R"ﬂ ei(x/75/>ja<$n+1€n+l)o-($>f) (‘Fau2) (é)dﬂa(f)

= (T o)+ (Tm) o)

Therefore,

/ |(Tou) (z) [P dpta(z) :/ |(Tour) (2) 4+ (Touz) (z)["dpta(z)

§2p/ |(Tour) ()| dpa(2)
+2p/ |(Tgu2)(x)’pdua(x).

Taking (4.2.27), we get

[ 1T @ o) < 2B

M

+ 2P / |(Tuz) (x) " dpa (). (4.2.28)

Since u; = tu and supp(y)) C Q%) then from (4.2.28), we obtain

*k
M M

| @)@ duate) <28, [ juo)Pduate)

+ 2P /Q |(Tyuz) (z) | dpa (). (4.2.29)

From Theorem 4.2.2, we have

Tous) = [ ([ K@) Pale2hdia(w) ) ua(:) ).
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Since us(2z) = 0 in a neighbourhood of z € @Q%},, therefore

()| < | o L VB G Pae 2ol a2 ().

In view of Lemma 4.2.1, above expression becomes

(@] < Cos [ ([ 10+ Iol?) Do dialy)

n+1 * n
Ry -Q RY

X [up(2)|dpia(2).
Using the fact
L+ [2l) " < @+ [ml*)™, Yz € Qu
the last inequality becomes

(@] < Coxtt+ iy [ ([ 0 ) Dutas o)

X [u(z)|dpa(2)

< Cop(1+ [Im)?) 1 (h #y ul) (),

where h(y) = (1 + ||y[|?)~*

Therefore,

/ (Tous) (2) | dpsa(z) < CF (1+||m||2)—qp/ (7t ) (2) P dpa).

Qum

From (1.4.16), we get

| 1) @) dea(o) < €0+ Tl 10 g il
M
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For large k£ € N, we get a positive constant C, , such that

/ |(T0u2) (@‘pdﬂa(aj) < Copp(1+ [Iml*)” quUHLp R+’ (4.2.30)

Therefore, from (4.2.29) and (4.2.30) we have

[ 1)@ dale) < 2B [ TP

M

+27C, 1 p(1 + [|m]*) ™ quuHLp (Y

Summing over all m € Z" x Ny, we obtain

[ @)@ dnale) < 2By, [ Ju)Pdia(o)
Ri+1 Ri+1

+ 2pCa,k,p< Z (1 + ||TTLH ) qp) ||uHLP R"+1)

meZ™xNg

<V (Bl i+ Cotn Y, A+ ImID) ™) lully g,

meZ™ xNy

For ¢ > 1 and 1 < p < oo, we can find a positive constant C' = C'(a, k, N, p, q) such

that
||Tau||Lg(R’;“) < CH“HL@(R’;“): u € S*(RTI). (4.2.31)

Since S,(R"™) is dense in L2 (R’*') by Theorem 1.3.3, therefore from (4.2.31), T,

can be extended to a bounded linear operator on LP (R’™). O
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4.3 Sobolev Spaces

In this section, we introduce the Bessel potential and L?(R”) - Sobolev space of
order r. Using LP(R’™) - boundedness properties, we find various properties and

boundedness results in Sobolev space.

Definition 4.3.1. (Bessel Potential)
Let r € R and (&) = (1 + ||€]|*)™"/2 be a symbol in S~". Then for u € S,(R™),

the Weinstein potential of order r is defined by

(Jratt)(@) = Fo {1+ [IE]P) " (Fau)(©)] (). (4.3.1)
Lemma 4.3.2. Let u € SL(RT™), then we have

(i) Joau =u,

(11) Jradtott = Jrir ot
Proof. (i) Taking r = 0 in (4.3.1), we get

(Joau)(z) = Fo [(Fau) ()] ().
Since, u € S.(R’), therefore we obtain

(Joau)(z) = u(z).



Chapter 4. LP2(R"™) - Boundedness of P.D.O. involving the W.T. 110

(ii) From the Definition 4.3.1, we have

(ratia)(@) = Fa~' | (L4 €572 (Fuloa) (©)] (2)
= Fa7 L+ IR 72 + 11D (Faw)(©)] (@)

= Fa7 L+ IR () (©)] )

= (Jr+t,au) (l‘)
m
Definition 4.3.3. For r € R and 1 < p < 0o, then following space is defined
H? ={ue SRy : J ,que LA(RT} (4.3.2)

Then in the space H]” the following norm is given

||u”H(§” = HJ—r,au”Lf;(Ri“)

= ([ Vel i) (1.33)
The space HP is called the L? (R:!) - Sobolev space of order 7.
If r =0, then (4.3.2) becomes
HO? = L2(RH).

Theorem 4.3.4. Let r,t € R and 1 < p < oo, then the Bessel potential Ji o ts an

isometry of H-P onto HLY“P. Moreover,

[Jeaull greee = ullpze, ¥V ue HZP. (4.3.4)
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Proof. Let u € HP. Then from (4.3.3), we have
HJt,auHHg“’p = HJ*Tft,aJt,auHLﬁ(Ri“)'
Using Lemma 4.3.2, we find
HJt,aUHH;Hm = HJ*hau”Lg(RT'l)'
By invoking (4.3.3), above yields
HJt,aUHH;%P = [lullgzr, Vue HP.

The last expression shows that, J;, : HYP — HITYP is an isometry.
For each v € HIP  take u = J_; 4v. Then, by Lemma 4.3.2, we get v = .J; yu.

Therefore, u € H™?. Hence, J,,, : H"? — H"t'P is an onto isometry. O
5 « )y Yta o «

Theorem 4.3.5. Let o(z,£) be a symbol in S™,m € R. Then for r € R and
1 < p < o0, the pseudo-differential operator T, : HP — H!™™P is a bounded linear

operator.
Proof. First, we consider the following operators:
J ot H? — HOP

. 07 07
ToJma : H)Y — H.P,

and

. 0, r—m,
Jrmea  HOP — HT=™P,
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which are linear. Then, from Theorem 4.3.4, the operators J_,, : H:P — H%? and
Jr—me : HYP — H"~™P are bounded. Also, by Theorem 4.2.5, T, J o : LP(RYT) —
LP (R’ is the bounded linear operator. Hence, T, : HLP — H-~™? is a bounded

linear operator. O

Conclusion: Taking concepts of the papers of Fefferman [17], Illner [30], Cato
[31], Nagase [43], Hwang-Lee [29], Wong [81] and Pathak and Upadhyay [57], the
LP(R™™) - boundedness of pseudo-differential operators associated with the Wein-
stein transform on a certain class of symbol S° is discussed. Applying the theory of
Lg(RTl) - boundedness results, various properties of pseudo-differential operators
associated with L2 (R"™!) - Sobolev space are investigated. The Weinstein transform
has rich calculus and well established theory. The results of L2 (R’") - boundedness
of pseudo-differential operators contains useful applications in Sobolev spaces which
are given in the present chapter. The aforesaid theory acts as the bridge between
pseudo-differential operators and maximal - minimal pseudo-differential operators.
This theory will also be useful in functional analysis, partial-differential equations

and other areas of mathematics.
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