
Chapter 4

L
p
α(Rn+1+ ) - Boundedness of

Pseudo-Differential Operators

involving the Weinstein transform

4.1 Introduction

The Lp- boundedness of pseudo differential operators is an important result and suit-

ably used in various problems of mathematical analysis and its applications. Exploit-

ing this theory, varieties of work have been done by many important mathematicians.

Calderón and Vaillancourt [4] discussed the L2- boundedness of M-order pseudo dif-

ferential operators associated with symbol p(x1, x2, ξ) ∈ SMρ,δ1,δ1 for 0 ≤ ρ ≤ δ1, δ2 < 1

and M
n
≥ (δ1+δ2)

2
− ρ, Fefferman [17] investigated sharp Lp- boundedness results for

pseudo-differential operators in the class Smρ,δ, Illner [30] found the Lp- boundedness

of pseudo-differential operators with symbol p(x, ξ, y) ∈ Sµρ,δ,ε for µ ≤ (ρ− 1)(n+ 1),

Cato [31] constructed the L2- boundedness for pseudo-differential operators with
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symbol a(x, ξ) lies in S0
ρ,ρ for 0 < ρ < 1, Nagase [43] investigated the Lp- bounded-

ness of pseudo-differential operators with non-regular symbols, Hwang and Lee [29]

found the Lp - boundedness of pseudo-differential operator with symbol class Sm0,0

for m = −n|1/p− 1/2|, Wong [81, p. 77] proved that the Lp(Rn) - boundedness of

pseudo-diffrential operators Tσ for σ ∈ S0. These Lp - boundedness results made

strong foundations of pseudo-differential operators involving Fourier transform with

different types of symbol classes. Exploiting the Hankel transform theory, Pathak

and Upadhyay [57] established the Lpµ - boundedness results of pseudo-differential

operators with symbol class Hm. Using Lpµ - boundedness properties, authors showed

that hµ,a is bounded linear operator from Wm,p
µ → W 0,p

µ and W s,p
µ → W s−m,p

µ re-

spectively. These spaces are defined in [53]. Motivated from the aforesaid important

literature, our main objective of this chapter is to investigate the Lpα(Rn+1
+ ) - bound-

edness of pseudo-differential operators associated with certain class of symbol S0

involving the Weinstein transform.

Contents of this chapter are organized in the following way:

Section 4.1 is introductory which describes the brief motivation of the Lpα(Rn+1
+ )

- boundedness of pseudo-differential operators. In Section 4.2, an integral repre-

sentation of pseudo-differential operators and other properties are obtained. The

Lpα(Rn+1
+ ) - boundedness of the pseudo-differential operators Tσ associated with sym-

bol σ(x, ξ) in the symbol class S0 involving the Weinstein transform techniques is

obtained. In Section 4.3, Lpα(Rn+1
+ ) - type Sobolev space of order r is defined and

boundedness of the pseudo-differential operators Tσ : Hr,p
α → Hr−m,p

α and other

properties are given.
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4.2 An Integral Representation of Pseudo Differ-

ential Operators

An integral representation of the pseudo-differential operators Tσ associated with

a symbol σ ∈ Sm involving the Weinstein transform is obtained and its various

properties studied.

Lemma 4.2.1. Let α > −1
2

and σ be a symbol in S0. Define

K(x, z) =

∫
Rn+1
+

ei〈z
′
,ξ
′ 〉Ĵα(zn+1ξn+1)σ(x, ξ)dµα(ξ), (4.2.1)

in the distributional sense. Then

(i) for each fixed x ∈ Rn+1
+ , K(x, ·) is a function defined on Rn+1

+ ,

(ii) for large values of k ∈ N0, there exists a positive constant Cα,k such that

|K(x, z)| ≤ Cα,k(1 + ‖x‖2)−q(1 + ‖z‖2)−k. (4.2.2)

Proof. For k ∈ N, (4.2.1) can be written as

K(x, z) =

∫
Rn+1
+

ei〈z
′
,ξ
′ 〉Ĵα(zn+1ξn+1)(1 + ‖z‖2)−k(1−∆α,n,ξ)

kσ(x, ξ)dµα(ξ).

Invoking Binomial Theorem, we get

K(x, z) =

∫
Rn+1
+

ei〈z
′
,ξ
′ 〉Ĵα(zn+1ξn+1)(1 + ‖z‖2)−k

×
( k∑

r=0

(
k

r

)
(−1)r∆r

α,n,ξσ(x, ξ)

)
dµα(ξ).
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Therefore,

|K(x, z)| ≤ (1 + ‖z‖2)−k
k∑
r=0

(
k

r

)∫
Rn+1
+

|∆r
α,n,ξσ(x, ξ)|dµα(ξ).

In view of Lemma 3.3.2, the last expression becomes

|K(x, z)| ≤ (1 + ‖z‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,l

×
∫
Rn+1
+

|ξn+1|l−r
∣∣D2δ′+l

ξ σ(x, ξ)
∣∣dµα(ξ)

≤ (1 + ‖z‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,lAα

×
∫
Rn+1
+

|ξn+1|l−r+2α+1
∣∣D2δ′+l

ξ σ(x, ξ)
∣∣dξ.

Using the fact that σ ∈ S0, we obtain

|K(x, z)| ≤ (1 + ‖z‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,lAαC2δ′+l,0

×
∫
Rn+1
+

|ξn+1|l−r+2α+1(1 + ‖x‖2)−q(1 + ‖ξ‖2)−2|δ′|−ldξ.

For large values of l, the above expression becomes

|K(x, z)| ≤ (1 + ‖z‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,lAαC2δ′+l,0

×
∫
Rn+1
+

(1 + ‖ξ‖2)l−r+2α+1(1 + ‖x‖2)−q(1 + ‖ξ‖2)−2|δ′|−ldξ.
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Therefore,

|K(x, z)| ≤ (1 + ‖z‖2)−k(1 + ‖x‖2)−q
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
× E ′α,lAαC2δ′+l,0

∫
Rn+1
+

(1 + ‖ξ‖2)−r−2|δ′|+2α+1dξ.

It gives

|K(x, z)| ≤ (1 + ‖z‖2)−k(1 + ‖x‖2)−q
k∑
r=0

r∑
j=0

2j∑
l=1

(
k

r

)(
r

j

)
× E ′α,lAαCl,0

∫
Rn+1
+

(1 + ‖ξ‖2)−r+2α+1dξ.

Choosing r > 2α + n
2

+ 3
2
, there exists a positive constant Cα,k such that

|K(x, z)| ≤ Cα,k(1 + ‖x‖2)−q(1 + ‖z‖2)−k.

Theorem 4.2.2. Let α > −1
2

and σ ∈ Sm. Then for all u ∈ S∗(Rn+1
+ ), the pseudo-

differential operator Tσ can be written as

(Tσu)(x) =

∫
Rn+1
+

(∫
Rn+1
+

K(x, z)Dα(x, y, z)dµα(z)

)
u(y)dµα(y), (4.2.3)

in the distributional sense.

Proof. Exploiting the concept of [10, p. 266], we can see that the Schwartz space

S∗(Rn+1
+ ) is invariant under the translation operator ταx , x ∈ Rn+1

+ . Then for all

u ∈ S∗(Rn+1
+ ), we have Fα(ταx u) ∈ S∗(Rn+1

+ ). Now, from (1.4.12), we have

(ταx u)(z) =

∫
Rn+1
+

u(y)Dα(x, y, z)dµα(y).
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In view of (1.4.13), above expression becomes

(ταx u)(z) =

∫
Rn+1
+

u(y)

(∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)e−i〈y

′
,ξ
′ 〉Ĵα(yn+1ξn+1)

× e−i〈z
′
,ξ
′ 〉Ĵα(zn+1ξn+1)dµα(ξ)

)
dµα(y).

Therefore,

(ταx u)(z) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)e−i〈z

′
,ξ
′ 〉Ĵα(zn+1ξn+1)

×
(∫

Rn+1
+

u(y)e−i〈y
′
,ξ
′ 〉Ĵα(yn+1ξn+1)dµα(y)

)
dµα(ξ)

=

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)e−i〈z

′
,ξ
′ 〉Ĵα(zn+1ξn+1)(Fαu)(ξ)dµα(ξ).

Invoking (1.4.1), we get

(ταx u)(z) = Fα
[
ei〈x

′
,ξ
′ 〉Ĵα(xn+1ξn+1)(Fαu)(ξ)

]
(z).

Therefore, we get

(Fαu)(ξ) =
[
ei〈x

′
,ξ
′ 〉Ĵα(xn+1ξn+1)

]−1F−1
α (ταx u)(ξ) ∈ S∗(Rn+1

+ ). (4.2.4)

Now, we define the pseudo-differential operator in the distributional sense

(Tσu)(x) =
〈
ei〈x

′
,ξ
′ 〉Ĵα(xn+1ξn+1)σ(x, ξ), (Fαu)(ξ)

〉
. (4.2.5)

From (4.2.4), (4.2.5) becomes

(Tσu)(x) =
〈
ei〈x

′
,ξ
′ 〉Ĵα(xn+1ξn+1)σ(x, ξ), [ei〈x

′
,ξ
′ 〉Ĵα(xn+1ξn+1)]−1F−1

α (ταx u)(ξ)
〉

=
〈
σ(x, ξ),F−1

α (ταx u)(ξ)
〉
.
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From Theorem 1.4.8, we obtain

(Tσu)(x) =
〈
F−1
α

(
σ(x, ξ)

)
(z), (ταx u)(z)

〉
.

Using (4.2.1), we get

(Tσu)(x) =
〈
K(x, z), (ταx u)(z)

〉
=

∫
Rn+1
+

K(x, z)(ταx u)(z)dµα(z).

Invoking (1.4.12), the last expression yields

(Tσu)(x) =

∫
Rn+1
+

K(x, z)

(∫
Rn+1
+

Dα(x, y, z)u(y)dµα(y)

)
dµα(z).

Theorem 4.2.3. Let α > −1
2

and θ ∈ Ck(Rn+1
+ ), k ∈ N. Assume that for β ∈ Nn+1

0 ,

there exists a positive constant B such that

∣∣Dβ
ξ θ(ξ)

∣∣ ≤ B(1 + ‖ξ‖2)−|β|, |β| ≤ k. (4.2.6)

If

ψ(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)θ(ξ)dµα(ξ), (4.2.7)

then ψ ∈ Lpα(Rn+1
+ ), for 1 ≤ p <∞.

Proof. For k ∈ N, (4.2.7) can be written as

ψ(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)(1 + ‖x‖2)−k(1−∆α,n,ξ)

kθ(ξ)dµα(ξ)

=

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)(1 + ‖x‖2)−k

( k∑
r=0

(
k

r

)
(−1)r∆r

α,n,ξθ(ξ)

)
dµα(ξ).
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Therefore,

|ψ(x)| ≤ (1 + ‖x‖2)−k
k∑
r=0

(
k

r

)∫
Rn+1
+

|∆r
α,n,ξθ(ξ)|dµα(ξ).

In view of Lemma 3.3.2, the last expression becomes

|ψ(x)| ≤ (1 + ‖x‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,l

×
∫
Rn+1
+

|ξn+1|l−r
∣∣D2δ′+l

ξ θ(ξ)
∣∣dµα(ξ).

Thus, we obtain

|ψ(x)| ≤ (1 + ‖x‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,lAα

×
∫
Rn+1
+

|ξn+1|l−r+2α+1
∣∣D2δ′+l

ξ θ(ξ)
∣∣dξ.

Using (4.2.6), we obtain

|ψ(x)| ≤ (1 + ‖x‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,lAαB

×
∫
Rn+1
+

|ξn+1|l−r+2α+1(1 + ‖ξ‖2)−2|δ′|−ldξ.

For large values of l, above yields

|ψ(x)| ≤ (1 + ‖x‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
E ′α,lAαB

×
∫
Rn+1
+

(1 + ‖ξ‖2)l−r+2α+1(1 + ‖ξ‖2)−2|δ′|−ldξ.
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Therefore,

|ψ(x)| ≤ (1 + ‖x‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

∑
|δ′|≤r−j

(
k

r

)(
r

j

)(
r − j

δ1, · · · , δn

)
× E ′α,lAαB

∫
Rn+1
+

(1 + ‖ξ‖2)−r−2|δ′|+2α+1dξ.

It gives

|ψ(x)| ≤ (1 + ‖x‖2)−k
k∑
r=0

r∑
j=0

2j∑
l=1

(
k

r

)(
r

j

)
× E ′α,lAαB

∫
Rn+1
+

(1 + ‖ξ‖2)−r+2α+1dξ.

Choosing r > 2α + n
2

+ 3
2
, there exists a positive constant Bα,k such that

|ψ(x)| ≤ Bα,k(1 + ‖x‖2)−k.

Therefore,

‖ψ‖Lpα(Rn+1
+ ) ≤ Bα,k‖(1 + ‖x‖2)−k‖Lpα(Rn+1

+ ),

for large values of k ∈ N. Therefore ψ ∈ Lpα(Rn+1
+ ).

Theorem 4.2.4. Let α > −1
2

and θ ∈ Ck(Rn+1
+ ), k ∈ N which satisfies (4.2.6).

Then for 1 ≤ p <∞, there exists a positive constant Cα,k such that

‖Tθu‖Lpα(Rn+1
+ ) ≤ Cα,k‖u‖Lpα(Rn+1

+ ), u ∈ S∗(Rn+1
+ ) (4.2.8)

where (
Tθu
)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)θ(ξ)(Fαu)(ξ)dµα(ξ). (4.2.9)
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Proof. Using (1.4.2), (4.2.9) can be expressed as

(
Tθu
)
(x) = F−1

α

[
θ(ξ)(Fαu)(ξ)

]
, u ∈ S∗(Rn+1

+ ). (4.2.10)

Now, assume that there exists ψ such that

(ψ ∗w u)(x) = Fα−1[θ(ξ)(Fαu)(ξ)](x), u ∈ S∗(Rn+1
+ ). (4.2.11)

From (4.2.11), (4.2.10) becomes

(
Tθu
)
(x) = (ψ ∗w u)(x).

In view of Theorem 4.2.3 and (1.4.16), we have

‖Tθu‖Lpα(Rn+1
+ ) ≤ ‖ψ‖L1

α(Rn+1
+ )‖u‖Lpα(Rn+1

+ ).

Since ψ ∈ L1
α(Rn+1

+ ), therefore, we can find a positive constant Cα,k such that

‖Tθu‖Lpα(Rn+1
+ ) ≤ Cα,k‖u‖Lpα(Rn+1

+ ).

Theorem 4.2.5. Let α > −1
2

and σ ∈ S0. Then for 1 < p < ∞, the pseudo-

differential operator Tσ : Lpα(Rn+1
+ )→ Lpα(Rn+1

+ ) is a bounded linear operator.

Proof. Let us denote

Zn × N0 = {(x1, x2, · · · , xn, xn+1) : xj ∈ Z, 1 ≤ j ≤ n, xn+1 ∈ N0},
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and M = (m,m1), for m ∈ Zn,m1 ∈ N0. Then we write Rn+1
+ as a union of QM

with disjoint interiors, i.e.,

Rn+1
+ = Rn × (0,∞) =

⋃
M∈Zn×N0

QM ,

where QM be the product of n-dimensional cube with center at m, edges of lenth

one, parallel to the coordinate axes and the interval [m1,m1 + 1].

Let η be the smooth function defined on Rn+1
+ such that

η(x) = 1, ∀x ∈ Q0

and

∣∣Dγ
xη(x)

∣∣ ≤ Cγ, ∀γ ∈ Nn+1
0 (4.2.12)

where Cγ > 0 is constant depends on γ.

Now, define

σm(x, ξ) = η(x−m)σ(x, ξ), ∀x, ξ ∈ Rn+1
+ . (4.2.13)

Then, from (2.2.5) we have

(
Tσmu

)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σm(x, ξ)(Fαu)(ξ)dµα(ξ). (4.2.14)

Using (4.2.13), we get

(
Tσmu

)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)η(x−m)σ(x, ξ)(Fαu)(ξ)dµα(ξ)

= η(x−m)

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σ(x, ξ)(Fαu)(ξ)dµα(ξ).
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Taking (2.2.5), we can get

(
Tσmu

)
(x) = η(x−m)

(
Tσu

)
(x). (4.2.15)

Now, we have

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) ≤

∫
Rn+1
+

∣∣η(x−m)
(
Tσu

)
(x)
∣∣pdµα(x).

Therefore, from (4.2.15) we find

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) ≤

∫
Rn+1
+

∣∣(Tσmu)(x)
∣∣pdµα(x). (4.2.16)

Since σm(x, ξ) has compact support in variable x and applying inversion formula of

the Weinstein transform (1.4.2), we obtain

σm(x, ξ) =

∫
Rn+1
+

ei〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)

(
Fασm

)
(λ, ξ)dµα(λ), (4.2.17)

where

(
Fασm

)
(λ, ξ) =

∫
Rn+1
+

e−i〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)σm(x, ξ)dµα(x). (4.2.18)

Invoking (4.2.17) in (4.2.14), we get

(
Tσmu

)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)

×
(∫

Rn+1
+

ei〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)

(
Fασm

)
(λ, ξ)dµα(λ)

)
(Fαu)(ξ)dµα(ξ)

=

∫
Rn+1
+

ei〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)

×
(∫

Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)

(
Fασm

)
(λ, ξ)(Fαu)(ξ)dµα(ξ)

)
dµα(λ).
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Hence,

(
Tσmu

)
(x) =

∫
Rn+1
+

∫
Rn+1
+

ei〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)(Tλu)(x)dµα(λ), (4.2.19)

where

(
Tλu

)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)

(
Fασm

)
(λ, ξ)(Fαu)(ξ)dµα(ξ). (4.2.20)

For the proof of the present theorem we need the following Lemmas.

Lemma 4.2.6. Let α > −1
2

and σm be defined in (4.2.13). Then for β ∈ Nn+1
0 , N ∈

N0, there exists a positive constant Cα,N such that

∣∣Dβ
ξ

(
Fασm

)
(λ, ξ)

∣∣ ≤ Cα,N(1 + ‖λ‖2)−N(1 + ‖ξ‖2)−|β|, |β| ≤ k. (4.2.21)

Proof. Using (4.2.18), we have

Dβ
ξ

(
Fασm

)
(λ, ξ) =

∫
Rn+1
+

e−i〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)Dβ

ξ σm(x, ξ)dµα(x).

Invoking (4.2.13), we get

Dβ
ξ

(
Fασm

)
(λ, ξ) =

∫
Rn+1
+

e−i〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)η(x−m)Dβ

ξ σ(x, ξ)dµα(x).

Using (1.4.3) for N ∈ N0, we have

Dβ
ξ

(
Fασm

)
(λ, ξ) =

∫
Rn+1
+

e−i〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)(1 + ‖λ‖2)−N

× (1−∆α,n,x)
N
(
η(x−m)Dβ

ξ σ(x, ξ)
)
dµα(x).
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Using Binomial Theorem, we get

Dβ
ξ

(
Fασm

)
(λ, ξ) =

∫
Rn+1
+

e−i〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)(1 + ‖λ‖2)−N

×
N∑
r=0

(
N

r

)
(−1)r∆r

α,n,x

(
η(x−m)Dβ

ξ σ(x, ξ)
)
dµα(x).

Therefore,

∣∣∣Dβ
ξ

(
Fασm

)
(λ, ξ)

∣∣∣ ≤ (1 + ‖λ‖2)−N
N∑
r=0

(
N

r

)
×
∫
Rn+1
+

∣∣∣∆r
α,n,x

(
η(x−m)Dβ

ξ σ(x, ξ)
)∣∣∣dµα(x). (4.2.22)

From [49, Lemma 2.1], we have

∣∣∆r
α,n,xf(x)

∣∣ ≤∑
|γ|≤r

Cα,r
∣∣D2γ

x f(x)
∣∣, ∀f ∈ C∞c (Rn+1

+ ). (4.2.23)

Using (4.2.23) we can write (4.2.22) in the following way

∣∣∣Dβ
ξ

(
Fασm

)
(λ, ξ)

∣∣∣ ≤ (1 + ‖λ‖2)−N
N∑
r=0

∑
|γ|≤r

(
N

r

)
Cα,r

×
∫
Rn+1
+

∣∣∣D2γ
x

(
η(x−m)Dβ

ξ σ(x, ξ)
)∣∣∣dµα(x).

By Leibnitz formula, the last expression becomes

∣∣∣Dβ
ξ

(
Fασm

)
(λ, ξ)

∣∣∣ ≤ (1 + ‖λ‖2)−N
N∑
r=0

∑
|γ|≤r

∑
δ≤2γ

(
N

r

)(
2γ

δ

)
Cα,r

×
∫
Rn+1
+

∣∣∣Dδ
xη(x−m)

∣∣∣∣∣∣D2γ−δ
x Dβ

ξ σ(x, ξ)
∣∣∣dµα(x).
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Since σ ∈ S0 then from (4.2.12), we get

∣∣∣Dβ
ξ

(
Fασm

)
(λ, ξ)

∣∣∣ ≤ (1 + ‖λ‖2)−N
N∑
r=0

∑
|γ|≤r

∑
δ≤2γ

(
N

r

)(
2γ

δ

)
Cα,rCδC2γ−δ,β

×
∫
Rn+1
+

(1 + ‖x‖2)−q(1 + ‖ξ‖2)−|β|dµα(x).

For each q ∈ N, there exists a positive constant Cα,N depends only on α and N such

that

∣∣∣Dβ
ξ

(
Fασm

)
(λ, ξ)

∣∣∣ ≤ Cα,N(1 + ‖λ‖2)−N(1 + ‖ξ‖2)−|β|.

Hence, from Theorem 4.2.4 and Lemma 4.2.6, the operator u → Tλu defined on

S∗(Rn+1
+ ) by (4.2.20) can be extened to a bounded linear operator on Lpα(Rn+1

+ ).

Moreover, using the similar steps of Theorem 4.2.3 and Lemma 4.2.6, we obtain

∣∣Fα−1
[
(Fασm)(λ, ξ)

]∣∣ ≤ Bα,N,k(1 + ‖λ‖2)−N(1 + ‖x‖2)−k, ∀N, k ∈ N0. (4.2.24)

Using (1.4.11) and (1.4.16), we get

‖Tλu‖Lpα(Rn+1
+ ) =

(∫
Rn+1
+

∣∣∣(Fα−1
[
(Fασm)(λ, ξ)

]
∗w u

)
(x)
∣∣∣pdµα(x)

) 1
p

=
∥∥∥(Fα−1

[
(Fασm)(λ, ξ)

]
∗w u

)
(x)
∥∥∥
Lpα(Rn+1

+ )
.

Applying (1.4.16), we get

‖Tλu‖Lpα(Rn+1
+ ) ≤

∥∥Fα−1
[
(Fασm)(λ, ξ)

]∥∥
L1
α(Rn+1

+ )
‖u‖Lpα(Rn+1

+ ).



Chapter 4. Lpα(Rn+1
+ ) - Boundedness of P.D.O. involving the W.T. 104

From (4.2.24), the last inequality becomes

‖Tλu‖Lpα(Rn+1
+ ) ≤ Bα,N,k(1 + ‖λ‖2)−N‖(1 + ‖x‖2)−k‖L1

α(Rn+1
+ )‖u‖Lpα(Rn+1

+ ).

For large k ∈ N, we get a positive constant Cα,N,k such that

‖Tλu‖Lpα(Rn+1
+ ) ≤ Cα,N,k(1 + ‖λ‖2)−N‖u‖Lpα(Rn+1

+ ), N ∈ N0. (4.2.25)

From (4.2.19), we have

‖Tσmu‖Lpα(Rn+1
+ ) =

(∫
Rn+1
+

|Tσmu(x)|pdµα(x)

) 1
p

=

(∫
Rn+1
+

∣∣∣ ∫
Rn+1
+

ei〈x
′
,λ
′ 〉Ĵα(xn+1λn+1)(Tλu)(x)dµα(λ)

∣∣∣pdµα(x)

) 1
p

.

The last expression becomes after applying Minkowski’s inequality

‖Tσmu‖Lpα(Rn+1
+ ) ≤

∫
Rn+1
+

(∫
Rn+1
+

∣∣(Tλu)(x)
∣∣pdµα(x)

) 1
p

dµα(λ)

≤
∫
Rn+1
+

‖Tλu‖Lpα(Rn+1
+ )dµα(λ).

In view of (4.2.25), we get

‖Tσmu‖Lpα(Rn+1
+ ) ≤ Cα,N,k

(∫
Rn+1
+

(1 + ‖λ‖2)−Ndµα(λ)

)
‖u‖Lpα(Rn+1

+ ).

For sufficiently large natural number N , we get a positive constant Eα,N,k such that

‖Tσmu‖Lpα(Rn+1
+ ) ≤ Eα,N,k‖u‖Lpα(Rn+1

+ ). (4.2.26)
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After using (4.2.16), we have

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) ≤ ‖Tσmu‖

p

Lpα(Rn+1
+ )

.

From (4.2.26), the last inequality becomes

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) ≤ Ep

α,N,k‖u‖
p

Lpα(Rn+1
+ )

. (4.2.27)

Let QM , Q
∗
M and Q∗∗M be the cubes with same center respectively. The length of Q∗∗M

is the twice of length of QM . Let Q∗M be another concentric cube with QM and Q∗∗M

satisfying QM ⊂ Q∗M ⊂ Q∗∗M .

Let ψ be the smooth function defined on Rn+1
+ , with compact support and satisfies

the following properties:

(i) 0 ≤ ψ(x) ≤ 1, ∀x ∈ Rn+1
+

(ii) supp(ψ) ⊆ Q∗∗M ,

(iii) and ψ(x) = 1 for all x in a neighbourhood of Q∗M .

If we write u = u1 + u2, where u1 = ψu and u2 = (1− ψ)u. Then we have

(
Tσu

)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σ(x, ξ)

(
Fα(u1 + u2)

)
(ξ)dµα(ξ).
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Thus, we get

(
Tσu

)
(x) =

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σ(x, ξ)

(
Fαu1

)
(ξ)dµα(ξ)

+

∫
Rn+1
+

ei〈x
′
,ξ
′ 〉Ĵα(xn+1ξn+1)σ(x, ξ)

(
Fαu2

)
(ξ)dµα(ξ)

=
(
Tσu1

)
(x) +

(
Tσu2

)
(x).

Therefore,

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) =

∫
QM

∣∣(Tσu1

)
(x) +

(
Tσu2

)
(x)
∣∣pdµα(x)

≤ 2p
∫
QM

∣∣(Tσu1

)
(x)
∣∣pdµα(x)

+ 2p
∫
QM

∣∣(Tσu2

)
(x)
∣∣pdµα(x).

Taking (4.2.27), we get

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) ≤ 2pEp

α,N,k‖u1‖pLpα(Rn+1
+ )

+ 2p
∫
QM

∣∣(Tσu2

)
(x)
∣∣pdµα(x). (4.2.28)

Since u1 = ψu and supp(ψ) ⊆ Q∗∗M , then from (4.2.28), we obtain

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) ≤ 2pEp

α,N,k

∫
Q∗∗M

|u(x)|pdµα(x)

+ 2p
∫
QM

∣∣(Tσu2

)
(x)
∣∣pdµα(x). (4.2.29)

From Theorem 4.2.2, we have

(Tσu2)(x) =

∫
Rn+1
+

(∫
Rn+1
+

K(x, y)Dα(x, y, z)dµα(y)
)
u2(z)dµα(z).
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Since u2(z) = 0 in a neighbourhood of z ∈ Q∗M , therefore

∣∣(Tσu2)(x)
∣∣ ≤ ∫

Rn+1
+ −Q∗M

(∫
Rn+1
+

∣∣K(x, y)
∣∣Dα(x, y, z)dµα(y)

)
|u2(z)|dµα(z).

In view of Lemma 4.2.1, above expression becomes

∣∣(Tσu2)(x)
∣∣ ≤ Cα,k

∫
Rn+1
+ −Q∗M

(∫
Rn+1
+

(1 + ‖x‖2)−q(1 + ‖y‖2)−kDα(x, y, z)dµα(y)
)

× |u2(z)|dµα(z).

Using the fact

(1 + ‖x‖2)−q ≤ (1 + ‖m‖2)−q, ∀x ∈ QM

the last inequality becomes

∣∣(Tσu2)(x)
∣∣ ≤ Cα,k(1 + ‖m‖2)−q

∫
Rn+1
+

(∫
Rn+1
+

(1 + ‖y‖2)−kDα(x, y, z)dµα(y)
)

× |u(z)|dµα(z)

≤ Cα,k(1 + ‖m‖2)−q
(
h ∗w |u|

)
(x),

where h(y) = (1 + ‖y‖2)−k.

Therefore,

∫
QM

∣∣(Tσu2

)
(x)
∣∣pdµα(x) ≤ Cp

α,k(1 + ‖m‖2)−qp
∫
QM

∣∣(h ∗w |u|)(x)
∣∣pdµα(x).

From (1.4.16), we get

∫
QM

∣∣(Tσu2

)
(x)
∣∣pdµα(x) ≤ Cp

α,k(1 + ‖m‖2)−qp‖h‖p
L1
α(Rn+1

+ )
‖u‖p

Lpα(Rn+1
+ )

.
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For large k ∈ N, we get a positive constant Cα,k,p such that

∫
QM

∣∣(Tσu2

)
(x)
∣∣pdµα(x) ≤ Cα,k,p(1 + ‖m‖2)−qp‖u‖p

Lpα(Rn+1
+ )

. (4.2.30)

Therefore, from (4.2.29) and (4.2.30) we have

∫
QM

∣∣(Tσu)(x)
∣∣pdµα(x) ≤ 2pEp

α,N,k

∫
Q∗∗M

|u(x)|pdµα(x)

+ 2pCα,k,p(1 + ‖m‖2)−qp‖u‖p
Lpα(Rn+1

+ )
.

Summing over all m ∈ Zn × N0, we obtain

∫
Rn+1
+

∣∣(Tσu)(x)
∣∣pdµα(x) ≤ 2pEp

α,N,k

∫
Rn+1
+

|u(x)|pdµα(x)

+ 2pCα,k,p

( ∑
m∈Zn×N0

(1 + ‖m‖2)−qp
)
‖u‖p

Lpα(Rn+1
+ )

≤ 2p
(
Ep
α,N,k + Cα,k,p

∑
m∈Zn×N0

(1 + ‖m‖2)−qp
)
‖u‖p

Lpα(Rn+1
+ )

.

For q > 1 and 1 < p <∞, we can find a positive constant C = C(α, k,N, p, q) such

that

‖Tσu‖Lpα(Rn+1
+ ) ≤ C‖u‖Lpα(Rn+1

+ ), u ∈ S∗(Rn+1
+ ). (4.2.31)

Since S∗(Rn+1
+ ) is dense in Lpα(Rn+1

+ ) by Theorem 1.3.3, therefore from (4.2.31), Tσ

can be extended to a bounded linear operator on Lpα(Rn+1
+ ).
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4.3 Sobolev Spaces

In this section, we introduce the Bessel potential and Lpα(Rn+1
+ ) - Sobolev space of

order r. Using Lpα(Rn+1
+ ) - boundedness properties, we find various properties and

boundedness results in Sobolev space.

Definition 4.3.1.
(
Bessel Potential

)
Let r ∈ R and σ(ξ) = (1 + ‖ξ‖2)−r/2 be a symbol in S−r. Then for u ∈ S ′∗(Rn+1

+ ),

the Weinstein potential of order r is defined by

(Jr,αu)(x) = Fα−1
[
(1 + ‖ξ‖2)−r/2(Fαu)(ξ)

]
(x). (4.3.1)

Lemma 4.3.2. Let u ∈ S ′∗(Rn+1
+ ), then we have

(i) J0,αu = u,

(ii) Jr,αJt,αu = Jr+t,αu.

Proof. (i) Taking r = 0 in (4.3.1), we get

(J0,αu)(x) = Fα−1
[
(Fαu)(ξ)

]
(x).

Since, u ∈ S ′∗(Rn+1
+ ), therefore we obtain

(J0,αu)(x) = u(x).
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(ii) From the Definition 4.3.1, we have

(Jr,αJt,αu)(x) = Fα−1
[
(1 + ‖ξ‖2)−r/2

(
Fα(Jt,αu)

)
(ξ)
]
(x)

= Fα−1
[
(1 + ‖ξ‖2)−r/2(1 + ‖ξ‖2)−t/2(Fαu)(ξ)

]
(x)

= Fα−1
[
(1 + ‖ξ‖2)−(r+t)/2(Fαu)(ξ)

]
(x)

= (Jr+t,αu)(x).

Definition 4.3.3. For r ∈ R and 1 < p <∞, then following space is defined

Hr,p
α =

{
u ∈ S ′∗(Rn+1

+ ) : J−r,αu ∈ Lpα(Rn+1
+ )

}
. (4.3.2)

Then in the space Hr,p
α the following norm is given

‖u‖Hr,p
α

= ‖J−r,αu‖Lpα(Rn+1
+ )

=
(∫

Rn+1
+

∣∣(J−r,αu)(ξ)
∣∣pdµα(ξ)

)1/p

. (4.3.3)

The space Hr,p
α is called the Lpα(Rn+1

+ ) - Sobolev space of order r.

If r = 0, then (4.3.2) becomes

H0,p
α = Lpα(Rn+1

+ ).

Theorem 4.3.4. Let r, t ∈ R and 1 < p < ∞, then the Bessel potential Jt,α is an

isometry of Hr,p
α onto Hr+t,p

α . Moreover,

‖Jt,αu‖Hr+t,p
α

= ‖u‖Hr,p
α
, ∀ u ∈ Hr,p

α . (4.3.4)
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Proof. Let u ∈ Hr,p
α . Then from (4.3.3), we have

‖Jt,αu‖Hr+t,p
α

= ‖J−r−t,αJt,αu‖Lpα(Rn+1
+ ).

Using Lemma 4.3.2, we find

‖Jt,αu‖Hr+t,p
α

= ‖J−r,αu‖Lpα(Rn+1
+ ).

By invoking (4.3.3), above yields

‖Jt,αu‖Hr+t,p
α

= ‖u‖Hr,p
α
, ∀ u ∈ Hr,p

α .

The last expression shows that, Jt,α : Hr,p
α → Hr+t,p

α is an isometry.

For each v ∈ Hr+t,p
α , take u = J−t,αv. Then, by Lemma 4.3.2, we get v = Jt,αu.

Therefore, u ∈ Hr,p
α . Hence, Jt,α : Hr,p

α → Hr+t,p
α is an onto isometry.

Theorem 4.3.5. Let σ(x, ξ) be a symbol in Sm,m ∈ R. Then for r ∈ R and

1 < p <∞, the pseudo-differential operator Tσ : Hr,p
α → Hr−m,p

α is a bounded linear

operator.

Proof. First, we consider the following operators:

J−r,α : Hr,p
α → H0,p

α ,

TσJm,α : H0,p
α → H0,p

α ,

and

Jr−m,α : H0,p
α → Hr−m,p

α ,
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which are linear. Then, from Theorem 4.3.4, the operators J−r,α : Hr,p
α → H0,p

α and

Jr−m,α : H0,p
α → Hr−m,p

α are bounded. Also, by Theorem 4.2.5, TσJm,α : Lpα(Rn+1
+ )→

Lpα(Rn+1
+ ) is the bounded linear operator. Hence, Tσ : Hr,p

α → Hr−m,p
α is a bounded

linear operator.

Conclusion: Taking concepts of the papers of Fefferman [17], Illner [30], Cato

[31], Nagase [43], Hwang-Lee [29], Wong [81] and Pathak and Upadhyay [57], the

Lpα(Rn+1
+ ) - boundedness of pseudo-differential operators associated with the Wein-

stein transform on a certain class of symbol S0 is discussed. Applying the theory of

Lpα(Rn+1
+ ) - boundedness results, various properties of pseudo-differential operators

associated with Lpα(Rn+1
+ ) - Sobolev space are investigated. The Weinstein transform

has rich calculus and well established theory. The results of Lpα(Rn+1
+ ) - boundedness

of pseudo-differential operators contains useful applications in Sobolev spaces which

are given in the present chapter. The aforesaid theory acts as the bridge between

pseudo-differential operators and maximal - minimal pseudo-differential operators.

This theory will also be useful in functional analysis, partial-differential equations

and other areas of mathematics.

***


