Chapter 4

An Efficient Matrix Approach for
Two-dimensional Diffusion and Telegraph

Equations with Dirichlet Boundary Conditions

4.1 Introduction

Partial differential equations (PDEs) play an important role in the description of many
central models in physical, biological, and social sciences [11-13]. Due to their key role
in several areas of applied sciences, PDEs are studied extensively by many researchers.
In this chapter, the feasibility of applying the Euler matrix method is examined for the
following two-dimensional diffusion equation:

ow Pw  Ow
=55 T3 1 <1 4.1
or ~og Top TIEmT) 0<bn<l 0Tl (4.1)

with the following initial condition as

w(&n,0) =k(n), 0<E&En< L, (4.2)

This chapter in the form of paper has been published with title “An efficient matrix ap-
proach for two-dimensional diffusion and telegraph equations with Dirichlet boundary conditions”
in Physica A: Statistical Mechanics and its Applications, 545 (2020) 123794.
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and the Dirichlet boundary conditions as

W(Oaan):fl(Ti:T)a w(177]a7—):f2(7777—)7 OSHSL 0<7<1,

w(£707T) = gl(ga’r)a w(ga 1a7_) = 92(517_)7 0< £ <1, 0<7<1.

Let us assume that w and f are smooth enough. Among PDEs, two-dimensional diffusion
equations are of special interest because of their wide applications in physical and applied
sciences. They have been used to model chemical exchange reactions, the transport of
ground water in an aquifer, pattern formation in the study of biology, chemistry and ecol-
ogy etc. However, there are some analytical approaches such as homotopy perturbation
method (HPM) [17], variational iteration method (VIM) [19], Laplace transform method
(LTM) [20] and Adomian decomposition method (ADM) [18] for solving diffusion prob-
lems, all these methods are computationally deficient and expensive since they require the
use of infinite power series. Therefore, some efficient numerical methods were developed
for approximate solutions of diffusion equations. Two classical numerical methods are
finite difference methods (FDMs) and finite element methods (FEMs)[23-25]. Moreover,
a detail review of classical methods involving FDMs and FEMs is provided in [133]. Re-
cently, some numerical methods such as Bernoulli matrix method [1], trigonometrically
fitted method [134], reproducing kernel method [135] and modified Craig-Sneyd method
[136] have developed for solving diffusion equations.

Among the PDEs, hyperbolic PDEs have their own importance due to their wide
number of applications in science and engineering. They are useful in the modeling of the
propagation of signal (digital and analog) through media [137] and also in the propagation
of electromagnetic waves in the earth-ionosphere waveguide [101]. Telegraph equation is
one of the important equations in this category. The use of several numerical methods for
solving two-dimension telegraph equations can be found in [29, 116, 119-122, 124-126].
In this chapter, a new method called as Euler matrix method is proposed for finding the
approximate solutions of two-dimensional diffusion and telegraph equations. The method
uses the operational matrices of differentiation and integration. The advantage of using
operational matrices is their sparsity containing many zeros, which makes computation

easy and fast. Interested readers can see some applications of operational matrix tech-
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niques for solving PDEs in [1, 2, 138-141].

4.2 Definition and function approximation

4.2.1 Definition of Euler polynomials

The classical Euler polynomials E,(§) are usually defined in terms of the exponential

generating functions [142] as

|7 <, (4.4)

where E,,(§) are the Euler polynomials of degree n and can be expressed by the Bernoulli

polynomials via the following relation:

n

E(6) 2 (”) Bt (0)Boi(€), n=1,2, . (4.5)

k:0k+1 k

where By (€), (kK = 0,1,...) are the Bernoulli polynomials of order k& which satisfy the

following relations:

B} (§) =nBn-1(§), Yn>1,

Jo Ba(6) =0, vn>1, (4.6)

The first few Euler polynomials are

By&) =1, B =E—3, B6=€-¢

By(6) =€ - 38— 7, Ba@)=¢' -2 +¢

7
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They also satisfy the following useful properties:

E’:L(f) = nEn—l(&)v Vn > 1,

S0y (D ER(E) + En(€) = 26", Yn > 1.

Theorem 4.2.1. [1/3] Assume that F(&,n) € L?[0,1] x L?0,1] be an arbitrary enough
smooth function and also is approximated by the two variable truncated Euler series
ZZZO 2717\,[:0 S Em(€)Ey(n), then the coefficients for all m,n =0,1,2,..., N can be cal-

culated from the following backward linear relation

am«HLF g 7] mlnl fz
[ [ g = 337 i,

== (4.8)
()G ) B o

4.2.2 Euler operational matrices

Let E(§) = [Eo(€) E1(€) Eqy(€)...En(€)]T. Then, by using the first relation of equation

(4.7), we have

Eo(¢) 00 0 --- 0 |FEp&)
Eq(€) 10 0 o | Ei(§)
Ey(&)| — |0 2 0 0f | E2(&) |~
En(§) 00 -~ N 0| [En()

=M
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Ey(¢) —E1(0) 1 0 0 Ey(€)
Ei(¢) ~B0 g 1 ol | Ei)

5
/ : d¢' ~ : o : ,
Jo : : s .o :

En_1(€) “EO g o o LT ENo(9)

En(¢) 0 00 - 0] En()

where M and P are the Euler operational matrices of differentiation and integration,

respectively. For the two variables functions, we can write

E(&n) = [Eo(&,m) E1(&n) - En(m,O)](ny1y2x1s (4.9)

where E;(n,€) = [Eio (1,€) Eia(n,&) -+ Ein(&n)|T foralli =0,1,..., N and E, (&, 1) =
E,(§)Es(n) for all ;s = 0,1,..., N. Evidently, E(¢,n) = E(§) ® E(n).

Lemma 4.2.1. If M, = Iny1 @ M, Py = Iny1 ® P and Pr = P ® Iny1, where Iy

denotes the identity matrix of dimension (N + 1), then we have

(i) ZEEn =, (£, n)=M,E(&,n),

(i) 825,%") =By (&, m)=(My)? E(&,m),
(i) [y B(&n)dn' ~ PyE(E, ),

(i) [ f B n")dn"dif = (P)*E(€,n),
(v) [y B(&,md¢' ~ PeE(E,n),

(vi) f5 J5 B(" n)d€"dg' = (Pe)*B(E, ).
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4.3 Description of Euler matrix method

4.3.1 Description of Euler matrix method for two-dimensional diffusion equations

In order to solve numerically equations (4.1)-(4.3), they are transformed into PIDEs.

Rewrite the equation (4.1) in the following form

wee (&1, 7) = we (6,1, 7) —wpn(§,m.7) — f(Em,7), (4.10)
so that
¢
we(m 1) = we(Oym, 7 +/0 wee (€', m, T

3
= 0 n,T +/0 w‘rg n,T wr/r](g n,T ) f(€/,7],7'))df/,

and then

£
(e, 7) = w(0,m,7) + / we(€m,7)de
\—v—/ O
:fl(an)

5/
/ / wr (€70, 7) — g (€ 7) — F(E", 7)) dE"dE.
(4.11)

Imposing £ = 1 on both side of equation (4.11), we get
1 r€
wel0.1,7) = foln, €)— f1(n.7)— /0 /0 (@r (€1 7) g (€1 T)— (€, 7)) AEVdE. (4.12)

Substituting the above expression of we(0,7,7) in equation (4.11), one can obtain

w(fﬂ)ﬂ') = 5f2(7777) + (1 - f)fl(ﬂﬂ’)
I
¢ /0 /0 (@ (€1, 7) — (€1, 7) — F(E 7)) dEdE (4.13)

& e
’ /0 /o (r(€",m,7) =y (€0, 7) = (&, 7))dE"dE.
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In a similar way, one can write

1 n
w(f,n,f)=7792(§7T)+(1—77)91(§,T)—n/o /0 Wy (&0, T)dn'dn

n
+ / / wyy (&, 0", T)dn" dn'. (4.14)
o Jo

Now, for making use of the initial condition (4.2), we integrate w.(§,n,7) in [0, 7] and

obtain

w(E,m,7) = w(En, 0) + /O wr(€m, 7). (4.15)
=k(&,m)

The obtained PIDEs which are expressed in equations (4.13)-(4.15) are equivalent to the
basic problem described by (4.1)-(4.3). In order to find the solution of above PIDEs,
all the known as well as unknown functions are approximated in terms of Euler poly-
nomials. Before proceeding further, we first introduce an important Lemma needed for

implementing the method.

Lemma 4.3.1. Suppose that ¢ = fol ET(¢)d¢, ¢, = <PT and el denotes the i-th row of

(N + 1) x (N + 1) identity matrix, then the following relations hold:
(i) ET(n) = ET(&n)7,
(i) €E"(n) = ET(&n)7,
(iii) &(sp @ BT (n) = BT (&,m)A,
(iv) n(ET(€) @) =< (€ n)A,
(v) E(¢) = E" (&),

(vi) nET(¢) = ET(¢,n)C,
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where

1
25p
Sp

ANt = O1xN+1

O1xN+1

Gi

Ini

Ont1

Ont1

On+1

T
€

O1xN+1

O1xN+1

O1xN+1

(N41)2x(N+1)

(N+1)x (N+1)

(N+1)x(N+1)

=2l

G

G2

CN+1
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Oni1
On 1 ) X:IN+1®AN+1
On+1
L J(N+1)2x(N+1)
G
la
M ( = b
(N1
J(N+1)2x (N+1) L 4 (N4+1)2%(N+1)
b
e
ol [T . i=0,1,2,...,N,
O1xN+1
L 1 (N+1)x(V+1)
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—E12(0)1N+1 —EZ(O) Iy - —Egjé") Int1 On4
—E1(0)In+1 —E22(0) Iy - —E%(O) Iyt Oni
A= Ont1 On41 R On1 On+1
ON+1 On41 R On11 On+1

L J (N+1)Zx(N+1)2

Now, we approximate all the known as well as unknown functions in terms of Euler

polynomials as

FE&m.m) = Yo Yono Lopeo Junp B (€) Bn(m) Ey(r) = ET (€, FE(7),
W&, T) = Yo Yono oo Wnnp B (§) En () Er (1) = ET (6,m)W E(7),
k(&) = Yoo Soneo kB () En(n) = ET(€) K E(n),

Fi7) % SN SN fron B (n) Ea(7) = ET () FLE(7), (4.16)
Fa(n,7) & Sop_o ono foumn B () En(7) = ET () F2E(7),

91(6:7) & Yopo Yono JLmn B (§) En(r) = ET(€)G1E(7),

g2(&,7) = N SN G0 Em (€) En (1) = ET(£)G2E(7),
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where
fooo  foor -+ foon
fono  fon1 -+ fonw
fioo  fior - fiow
F = ,
fino  fini oo+ fonn
fvoo fnvor oo fnow
fyno fnnt oo fNNN

L - (N+1)2x(N+1)

in which the entries of F' can be calculated via the formula given as

1 pl pl gmtntrp(en,T) N N N 8(m!nlr!) fi j &
fO fO fO 85"187]”37'7’7"7 dgd?’]dT - Zi:m Ej:n Zk:r (i—m+l)(j—n+1)](]§—r+1)
(L) (G2, (65 ) Biem1(0) Bj o1 (0) By 41(0).

(4.17)
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wooo  Woo1 -t WoON
WOoNO WON1 -'* WONN
wioo  wiol v WIiON koo ko1 --- kon
ko ku - kv
W = , K = ,
WINO WIN1 ' WONN
kno kn1 -+ kNN
WNOO WNOL  c WNON
WNNO WNN1 °° WNNN

- d(N41)2x(N+1)

85



Chapter 4: An Efficient Matrix Approach for Two-dimensional Diffusion and...

fioo  Sfior oo fion foo0  foo1 o0 foon

fiio fiin oo fian f210  four 0 foun
Fl == 5 F2 - )

fino fint 0 finN fono font o0 fann

gi00 9101 - 910N 92,00 9201 ' 920N

gi,i0 91,11 - 91,1N 92,10 92,11 - G2IN
Gl = ) G2 =

g1,NO 91,N1 *°* G1,NN 92, N0 92,N1 *** G2 NN

The entries of all the other matrices K, Fi, F5, G1 and G5 can be calculated via the linear
relation (4.8). The purpose is to evaluate the entries of matrix W. Now, Substituting the
approximate values of the known functions f(&,n,7), f1(n,7), f2(n,7) and the unknown

function w(&, n, 7) which are given in (4.16) in the right hand side of (4.13)

EET(nFRE(T)) + (1= (B () FLE(T))

1 rg
~ e / / ET(¢, ) (WM — (MT)VW — F)E(r)dé'd
0

Q

w(&,n,7)

+

/ / ET(&" n)(WM — (M, )*W — F)E(r)d¢"d¢'
~ BT (n)(Fa — F)E(T) + ET () FLE(7)
— e ET()(WM — (M;)*W — F)E(r)

+ ET(En)(PE*WM — (MI)*W — F)E(7). (4.18)

By making the use of Lemma 4.3.1, we can rearrange the above relation as

w(€ n,7) = ET(&,n)ZE(r), (4.19)
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where
Z =7(Fy = Fy) +yF1 + (P = (WM — (M)*W — F).

Now, one can use (4.19) as an approximation of w(&,n, 7), and g1 (£, 7), g2(&, 7) introduced

in equation (4.16) are inserted in the right hand side of (4.14) to obtain

w(&,n,7) = E" (&)Y E(r), (4.20)
in which
YV ={(Ga— G1) +(G1+ ((P])* =N (M])Z.

The obtained relation (4.20) can now be used as an approximation of w(&,n, 7). Moreover,
the approximation of w(&,n,7) along with the approximation of k(£,n) given in equation

(4.16) can be used in the equation (4.15) to enable us to get
ET(&mWE(r) = ET(€.)KE(r) + ET(§,n)Y MPE(r), (4.21)
where W is an approximation of W and

Y = ((Gy—G1)+CGi+ (PN =N (M)3?Z,

Z = (P —F)+vF + (P = N(WM = (M])*W - F).
The equation (4.21) gives rise to the following algebraic generalized Sylvester equation

W + A1WBl + AQWBZ =C, <4.22)
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where

At = (B =N (PH? = X), Bi=-MP,
Ar = ((P))? = DM ((P)? = N(My)?, Ba=MP,

C = K+(GIMP+{(Gy—G1)MP+ ((P])* = X)(M,])?

(V(Fy = Fy) +vFL — (P)* = M) F)MP.

Finally, the Sylvester equation (4.22) can be solved for W via a robust Krylov subspace

iterative method (i.e., generalized BICGSTAB, see [39]).

4.3.2 Description of Euler matrix method for solving two-dimensional telegraph

equations

The proposed method can also be implemented for the following two-dimensional hyper-

bolic telegraph equation:

O*w(&,n, ) Ow(&,1,7) 9 Qw1 0Pw(n,T)
o2 + QQTB w(&,n,T) = o¢2 + an?

+fEnT), (423

where o and 3 are constants. The initial conditions are given by

W(ﬁﬂ?ao) = kl(nf),

(4.24)
WT(gﬂ 1, 0) = k2(£7 7}))
and the Dirichlet boundary conditions are
w(0,n,7) = filn,7), w(l,n,7) = fa(n,7),
(4.25)

w(f,O,T) = 91(577—)7 w(fa 177—) - 92(577—)'
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Proceeding in a similar way as it is done for diffusion equation, the PIDEs corresponding

to the above equations (4.23)-(4.25) are

w(E, 1, 7) = Ega(n,7) + (1 — E)gu(m,7 5//60555 0, 7)de'de

+ / | / wee(", . 7)dE"de, (4.26)

or, w(&,n,1)=mnha(&§7)+ (L —n)hi(§,7) / / Wiy (&', )dn'dn

+// win (&0 T)dn"dny (4.27)
0 JO

the above equation can be rewritten as

W(fﬂ% ) - k 57"7, / / Wrr g nT dT"dT (428)

where k(&,n,7) = k1(&,n) + 7k2(€,n). In order to solve the above integro-PDEs (4.26)-

(4.28), all the known as well unknown functions should be approximated as follows:

FEnT) = SN SN S frunp B () En(n) Ey(7) = ET(€,m) FE(r),
B(ED,T) % 0o S o S0 by B (€) Ea(n)Ey (1) = ET(6, ) KE(7),
W&, 7) ~ Lo Yoneo Lo Wrnp B (§) En(n) En (1) = ET (&, )W E(7),
Fi07) % SN SN Frn B (n) Ea(r) = ET () FLE(7), (4.29)

Fo(0,7) = 00 om0 fomn Em() En(7) = ET () R E(7),

g (&)= XN _ SN g1 En(€)Eu(T) = ET(€)G1E(T),

92(57 T) ~ fo:[) Zg:() gQ,mnEm(f)En(T) = ET(E)GQE(T)
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Now, proceeding similarly as we have done for diffusion equations, we finally get the

following algebraic generalized Sylvester equation as
W + A1WBl + AQWBQ = C, (430)
where

Ar = (B = NP = N), By = —(M? +20M + %)M P?,
Ay = (PP =NEP(PE? = NOL?, By = M2P?,

C = K+({GIM’P?+{(Gy— G1)M*P? + ((P])* = N)(M,])?

(F(Fy — Fy) +vF — (PF)? = N F)M>P2.

The Sylvester equation (4.30) can now be solved for W via a robust Krylov subspace

iterative method.

4.4 Numerical experiments

The proposed method is applied here to solve four test functions. The results obtained via
the Euler matrix methods are provided through Tables 4.1-4.4 and are compared with the

results obtained in [1] and [2]. The graphs of errors are shown through Figures 4.1-4.8.

Example 4.4.1. [1] We consider the diffusion equation (4.1)-(4.3) with the following

assumptions as

f(g,’l’},T) =0, k’(fﬂ?) = @§+7)’
(4.31)

filn,T) = e fo(n, ) = TR

g1 (ga T) = ef-l—?‘r’ 92(577) = el+§+27"

which has the exact solution as

w(g,n,T) = I
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Table 4.1: Results of absolute errors en (&, 7, 7) of example 4.4.1.

&n [N=5[N=7[N=9[N=11
( ) | 5.0e-04 | 4.7e-06 | 6.4e-07 | 4.6e-08
( ) | 1.3e-04 | 6.2e-05 | 4.8¢-06 | 6.3¢-07
( ) | 5.1e-04 | 3.9¢-05 | 2.2¢-05 | 3.2¢-06
( ) | 1.6¢-03 | 1.5¢-04 | 5.1¢-05 | 1.9¢-06
(0.5,0.5) | 1.4e-03 | 3.3¢-04 | 1.3¢-05 | 2.8¢-06
( )
( )
( )
( )

2.6e-03 | 4.6e-03 | 6.6e-04 | 5.5e-05
4.3e-03 | 4.3¢-04 | 3.3¢-05 | 6.7¢-05
7.4e-03 | 2.1e-04 | 7.0e-06 | 4.9e-06
1.7e-04 | 3.7e-05 | 2.5e-06 | 1.8e-07

This example is solved for N = 5,7,9 and 11 via Euler matrix method. Absolute value of
errors for this example at different points of computational domain D = [0, 1] x [0, 1] are

given in Table 4.1 . Morcover, the error graphs for N = 5,7 are depicted through Figures

4.1 and 4.2.
Error history e (¢,7,1)=w(&,1,1)w(&,1) for N=5
x 1 0‘3 ““&:::%
’ S5

3 SIS s
SRR
|3 ‘\\\\\Q\\\\§\‘\“‘
- NN
<
W
3
e S
3 -
&

Z
(0]

Figure 4.1: Error graph of example 4.4.1 for N = 5.
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Error history eN(g,n,1)=w(§,n,1)-wN(g,n,1) for N=7

x107
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02 57, 0.2
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Figure 4.2: Error graph of example 4.4.1 for N = 7.
Example 4.4.2. [1] We consider (4.1)-(4.3) with the following assumptions as

f(§77777—) =0, k’(fﬂ?) = COS(ﬂ'f) Sin(ﬂ-n)a

filn, ) = Sin(ﬂ'n)e—%?n’ fo(n,7) = — sin(ﬁn)e_2”2’7, (4.32)

g1(&,7) =0, g2(§,7) =0.

The exact solution is given by

w(&,n, ) = cos(m§) sin(my)ef%%.

Again, the approximate solutions of this example for N = 5,7,9 and 11 are obtained via
Euler matrix method. The Absolute value of errors for this example at different points of
computational domain D = [0, 1] x [0, 1] are given in Table 4.3. Error graphs for N = 7,9

are depicted through Figures 4.3 and 4.4, respectively.
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w(€1n’1 )'WN(@UJ )

NES/AY

Table 4.2: Results of absolute errors ey (&, 7, 7) of example 4.4.2.

N=5|N=7|N=9

N =11

4.8e-03 | 3.9e-03 | 6.0e-04

8.2e-05

7.3e-03 | 2.0e-04 | 5.3e-04

8.2e-05

4.9e-02 | 3.1e-04 | 2.0e-04

4.0e-04

1.6e-02 | 4.2e-04 | 5.9e-04

1.0e-04

9.1e-15 | 7.0e-15 | 7.3e-15

8.8e-16

3.8e-05 | 1.8e-05 | 2.6e-05

5.0e-05

3.3¢-03 | 3.5¢-04 | 4.4c-05

4.8c-05

5.4e-02 | 7.1e-03 | 6.1e-04

4.9e-06

4.1e-03 | 4.1e-04 | 2.5e-04

3.0e-05
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Figure 4.3: Error graph of example 4.4.2 for N
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Error history eN(g,n,1)=w(§,n,1)-wN(g,n,1) for N=9
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n £

Figure 4.4: Error graph of example 4.4.2 for N = 9.

Example 4.4.3. [2] As the third example, we consider the telegraph equations (4.23)-

(4.25) with o = 50, 8 = 5. The initial and boundary conditions are given by

w(&,n,0) = sinh() sinh(n),
(4.33)

wT(ﬁa 777 O) = 07

and

w(0,n,7) =0, w(l,n,7) = cos(r) sinh(1) sinh(n),
(4.34)
w(£,0,7) =0, w(&,1,7) = cos(7) sinh(€) sinh(1).

The exact solution for this example is given by

w(&,m, 7) = cos 7 sinh(§) sinh(n).

Table 4.4 presents the results of absolute errors for N = 4,6,8 and 10. The graphs of
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Table 4.3: Results of absolute errors ey (&, 7, 7) of example 4.4.3.

&n) |N=4[N=6|N=8 | N=10
( ) | 8.4e-03 | 4.3e-05 | 7.9¢-06 | 3.6e-07
( ) [ 1.86-02 | 7.3¢-04 | 1.3-05 | 1.6e-06
( ) [ 7.8¢-02 | 6.1e-04 | 3.7¢-05 | 2.0e-05
( ) [ 5.8¢-01 | 3.00-04 | 2.60-06 | 4.7¢-05
(0.5,0.5) | 3.8¢-02 | 6.0e-04 | 4.0e-05 | 3.86-06
( )
( )
( )
( )

3.4e-02 | 1.7e-04 | 5.9e-06 | 1.6e-05
2.7e-02 | 3.0e-05 | 2.6e-05 | 8.2¢-05
4.7e-02 | 1.5e-04 | 3.0e-05 | 4.1e-05
3.3e-03 | 9.5e-05 | 5.4e-06 | 5.0e-07

error are depicted through Figures 4.5 and 4.6 for N = 4 and 6, respectively.

Error history eN(g,n,1)=w(§,n,1)-wN(g,n,1) for N=4
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Figure 4.5: Error graph of example 4.4.3 for N = 4.
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Error history eN(g,n,1)=w(§,n,1)-wN(g,n,1) for N=6
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Figure 4.6: Error graph of example 4.4.3 for N = 6.

Example 4.4.4. [2] Consider the telegraph equations (4.23)-(4.25) with a = 1,8 = 1

along with the following initial and boundary conditions as

w(€7 m, 0) = 52 + 7727
(4.35)
Wr(f,’l’],0> :EQ +772+ 17

and

w(0,n,7) =n*+7, w(l,n,7)=1+7*+7,
(4.36)
wWE0,7) =47, wEl,7) =1+ +1.

The exact solution of the above problem is
w&n,) = +n*+1.

The numerical results of absolute errors ey (£, n,1) for various values of N are presented
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in Table 4.5. The error graphs for N = 8 and 10 are depicted in Figures 4.7 and 4.8.

Table 4.4: Results of absolute errors ey (&, 7, 7) of example 4.4.4.

&n) |N=4|N=6|N=8 | N=10
(0.1,0.1) | 3.0e-04 | 3.0e-05 | 5.0e-06 | 7.0e-07
(0.2,0.2) | 7.2e-03 | 4.9e-04 | 1.0e-05 | 1.0e-06
(0.3,0.3) | 1.8¢-03 | 3.5¢-04 | 2.0e-05 | 2.0e-06
(0.4,0.4) | 2.00-03 | 4.0e-04 | 4.4e-05 | 4.1e-05
(0.5,0.5) | 2.0e-03 | 7.2¢-04 | 5.1e-05 | 2.2¢-05
(0.6,0.6) | 4.10-03 | 4.4¢-04 | 3.0e-04 | 3.0¢-05
(0.7,0.7) | 2.3e-03 | 4.6e-04 | 6.0e-05 | 5.2¢-06
(0.8,0.8) | 1.0e-03 | 2.9¢-05 | 1.4e-05 | 4.3e-05
(0.9,0.9) | 3.00-04 | 8.0¢-05 | 5.0¢-07 | 7.0¢-08

%107
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Figure 4.7: Error graph of example 4.4.4 for N = 8.
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Error history “-'N(Eﬂ?s")=w(€ﬂ?s1}'wu(<fﬁ?s1) for N=10
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Figure 4.8: Error gr

Table 4.5: Comparison of numerical results of EMM and BMM [1] for example 4.4.1.
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aph of example 4.4.4 for N = 10.

Girid EMM BMM [1]
Points

N=6 |[N=8 [N=10| N=6 |[N=8 [ N=10
(0.1,0.1) | 8.1e-05 | 4.3¢-06 | 7.8¢-07 | 8.0e-05 | 2.36-06 | 4.2¢-07
(0.2,0.2) | 2.66-05 | 6.4¢-06 | 4.0e-08 | 1.56-05 | 6.9e-06 | 7.0e-08
(0.3,0.3) | 4.80-04 | 2.6¢-05 | 2.00-06 | 4.3¢-05 | 3.9¢-05 | 2.6¢-06
(0.4,0.4) | 2.2e-04 | 1.4¢-05 | 6.0e-06 | 1.1e-03 | 9.0e-05 | 6.8¢-06
(0.5,0.5) | 1.26-03 | 3.2¢-05 | 1.20-06 | 1.8¢-03 | 1.4e-04 | 1.1e-05
(0.6,0.6) | 6.30-03 | 1.7e-04 | 1.10-05 | 2.20-03 | 1.7¢-04 | 1.4e-05
(0.7,0.7) | 1.1e-03 | 1.36-04 | 1.1e-05 | 2.1e-03 | 1.56-04 | 1.3¢-05
(0.8,0.8) | 1.66-03 | 1.2¢-04 | 4.70-06 | 1.5e-03 | 1.0e-04 | 8.9¢-06
(0.9,0.9) | 3.66-04 | 1.8¢-05 | 3.00-06 | 6.6e-04 | 3.4¢-05 | 3.3¢-06
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Table 4.6: Comparison of numerical results of EMM and BMM [1] for example 4.4.2.

Grid

EMM BMM |1
Points [ ]

N=6 |[N=8 | N=10|N=6 | N=8 |N=10
( ) | 2.6e-03 | 8.3¢-04 | 4.1¢-04 | 2.2¢-02 | 6.1e-03 | 1.4¢-03
( ) | 3.7e-02 | 4.3e-03 | 6.3e-04 | 1.0e-02 | 3.9¢-03 | 8.0e-04
( ) | 1.2e-03 | 1.7e-03 | 1.1e-04 | 1.3e-03 | 1.4e-03 | 1.0e-04
( ) | 4.5¢-03 | 9.1e-05 | 1.0e-04 | 4.2¢-03 | 8.7¢-05 | 2.0e-04
(0.5,0.5) | 5.0e-15 | 6.3e-15 | 4.2e-16 | 5.4e-15 | 8.4e-15 | 1.3e-16
( )
( )
( )
( )

1.3e-03 | 3.5e-06 | 3.1e-06 | 4.2e-03 | 9.1e-06 | 2.0e-06
1.3e-03 | 2.3e-03 | 1.3e-04 | 1.3e-03 | 1.4e-03 | 1.0e-04
2.3e-02 | 4.3e-03 | 7.3e-04 | 1.0e-02 | 3.9e-03 | 8.0e-04
4.1e-03 | 7.2e-04 | 6.2e-04 | 2.2e-02 | 6.1e-03 | 1.4e-03

Table 4.7: Comparison of numerical results of EMM and BMM [1] for example 4.4.3.

Grid

) EMM BMM [1]
Points

N=6 |[N=8 [N=10|N=6 [ N=8 [N=10
( ) | 4.3¢-05 | 7.9e-06 | 3.6e-07 | 6.7¢-05 | 3.6e-06 | 5.0e-07
( ) | 7.3e-04 | 1.3e-05 | 1.6e-06 | 2.3e-04 | 7.1e-05 | 1.5¢-06
( ) | 6.1e-04 | 3.7e-05 | 2.0e-05 | 4.3¢-04 | 4.9e-05 | 5.1e-05
( ) | 3.0e-04 | 2.6e-06 | 4.7e-05 | 6.1e-04 | 5.9¢-06 | 9.1e-5
(0.5,0.5) | 6.00-04 | 4.0e-05 | 3.80-06 | 7.0e-04 | 3.7¢-05 | 1.1e-05
( )
( )
( )
( )

1.7e-04 | 5.9e-06 | 1.6e-05 | 6.9e-04 | 6.9e-06 | 1.0e-05
3.0e-05 | 2.6e-05 | 8.2e-05 | 5.5e-04 | 6.6e-05 | 6.8e-05
1.5¢-04 | 3.0e-05 | 4.1e-05 | 3.3¢-04 | 1.1c-04 | 2.4¢-05
9.5e-05 | 5.4e-06 | 5.0e-07 | 6.6e-05 | 6.6e-05 | 9.0e-07
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Table 4.8: Comparison of numerical results of EMM and BMM [1] for example 4.4.4.

Grid

EMM BMM |1
Points [ }

N=6 |[N=8 | N=10|N=6 | N=8 | N=10
( ) | 3.0e-05 | 5.0e-06 | 7.0e-07 | 5.4¢-05 | 5.0e-06 | 7.8¢-07
( ) | 4.9e-04 | 1.0e-05 | 1.0e-06 | 1.9¢-04 | 1.5e-05 | 1.9e-06
( ) | 3.5e-04 | 2.0e-05 | 2.0e-06 | 3.5e-04 | 5.1e-05 | 2.4e-05
( ) | 4.0e-04 | 4.4¢-05 | 4.1¢-05 | 4.9¢-04 | 9.1e-05 | 2.4¢-05
(0.5,0.5) | 7.2e-04 | 5.1e-05 | 2.2e-05 | 5.7e-04 | 1.1e-05 | 2.8e-05
( )
( )
( )
( )

4.4e-04 | 3.0e-04 | 3.0e-05 | 5.6e-04 | 1.1e-04 | 3.2e-05
4.6e-04 | 6.0e-05 | 5.2e-06 | 4.6e-04 | 6.8e-04 | 2.6e-05
2.9e-05 | 1.4e-05 | 4.3e-05 | 2.9e-05 | 2.4e-05 | 1.4e-05
8.0e-05 | 5.0e-07 | 7.0e-08 | 9.7e-5 | 9.0e-07 | 9.0e-07

4.5 Conclusion

A new computational method named as Euler matrix method (EMM) is presented in
this chapter for solving two-dimensional diffusion and telegraph equations with Dirichlet
boundary conditions. The method uses the operational matrices of Euler polynomials
to transform the main problem into the associated algebraic generalized Sylvester equa-
tions. Some robust Krylov subspace iterative solvers (i.e., generalized BICGSTAB) can be
implemented to solve these Sylvester equations. To show the spectral accuracy of the pro-
posed method, the numerical experiments are performed by considering four examples and
comparison is made of the obtained numerical results with BMM. Numerical experiments
conclude that the proposed method is more accurate and provide satisfactory results in

comparison to the results obtained by BMM.

Skokokokokookoskokokskok
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