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Statistical Ensembles

Equilibrium statistical mechanics forms the foundational basis for thermodynamics, char-
acterizing a system by its Hamiltonian and the nature of its environment (e.g., open or
closed) [Grant & Phillips (2013)]. Three primary ensembles are used to describe systems
in equilibrium: the microcanonical ensemble, the canonical ensemble, and the grand
canonical ensemble [L.Boltzmann (1964); Pathria (1996); Paul M (1995); Zemansky &
Dittman (1997)].

Microcanonical Ensemble

The microcanonical ensemble is used for isolated systems with a fixed number of particles
N, volume V, and energy E. It represents the most constrained ensemble where the system
does not exchange energy or particles with its surroundings. The key thermodynamic
potential for this ensemble is the entropy S(E,V,N), which is a function of the energy,
volume, and number of particles [K.Huang (2008); Pathria (2016)].

In statistical mechanics, entropy is fundamentally linked to the number of accessible
microstates of the system in phase space [Klein (1990); Pathria (1996); Zemansky &
Dittman (1997)]. The phase space is a 6/N-dimensional space where each point represents
a possible state of the system, defined by the positions {¢;} and momenta {p;} of all
particles. The entropy S is then defined as:

S(E,V,N) = kzgInQ(E,V,N),

where kg is the Boltzmann constant, and Q(E,V,N) is the number of microstates available
to the system at a given energy E, volume V, and number of particles N [Bhattacharyajee
(2000); Pathria (1996)]. Specifically, Q(E,V,N) is the number of states within a narrow
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energy range E to E 4+ 0 E in phase space, given by:

QEV.N) = [ 8(E~H(p.)dp"dq"

where H(p,q) is the Hamiltonian of the system, 0 is the Dirac delta function ensuring
that the states counted are those with the exact energy E, and dp” dg" represents the
differential volume element in phase space [Bhattacharyajee (2000); Zemansky & Dittman
(1997)].

Canonical Ensemble

The canonical ensemble is applicable when the system is in thermal contact with a reservoir,
allowing for energy exchange at constant volume and particle number [L.Boltzmann
(1964)]. It is defined by the temperature T = ﬁ, number density n = %’, and volume V.
The fundamental thermodynamic potential for this ensemble is the Helmholtz free energy
per particle fo(B,n,V) [Sen (2021)].

The partition function Z(3,V,N) is the central quantity in the canonical ensemble and

is defined as: |
Z(B.V.N) = vy [ 40" da exp (=BH(p.g)).

where f = kBLT is the inverse temperature, 4 is the Planck’s constant, H(p,q) is the
Hamiltonian of the system, and dp” dg”" represents the differential volume element in
phase space [K.Huang (2008); Pathria (2016)].

The Helmholtz free energy F(f3,V,N) [Stanley (1971)]is related to the partition func-
tion by:
F(B,V,N) = —kgTInZ(B,V,N).

The Helmholtz free energy per particle fo(fB,n,V) can then be expressed as:

F(B,V,N) kgT

fC(B?nav): N - N an(B7V7N)

This relationship shows how the Helmholtz free energy, which determines the equilibrium
properties of the system in the canonical ensemble, is derived from the partition function.
The Helmholtz free energy is a measure of the work obtainable from a system at constant
temperature and volume and is fundamental in predicting how a system responds to changes
in its thermodynamic parameters [Klein (1990); Paul M (1995); Stanley (1971)].
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Grand Canonical Ensemble

The grand canonical ensemble accommodates not only energy exchange but also particle
number exchange with the environment [K.Huang (2008); Pathria (2016); Sen (2021)]. It
is parameterized by 3, i (chemical potential), and V. The corresponding thermodynamic
potential is the pressure 2 (B, 1,V ). The free energy per particle in the grand canonical
ensemble f;(B,ng,V) can be derived from Zg(B, 1, V) via a Legendre transformation,
where ng represents the average number density. Similarly, the pressure in the canonical
ensemble can be defined by a Legendre transformation as #¢ = —dF¢/dV [K.Huang
(2008); L.Boltzmann (1964)].

Thermodynamic Limit

The thermodynamic limit is defined by N — oo at constant n or ng for the canonical
and grand canonical ensembles, respectively [K.Huang (2008)]. Equivalently, this can be
expressed as V — oo at constant n or ng [Pathria (1996); Zemansky & Dittman (1997)]. The
shape of the system should also be constrained such that all dimensions are of comparable
size L, with L/ry being large, where ry is the average interparticle spacing defined by
47rr8 /3 = 1. This limit requires L to be large compared to all other characteristic length
scales, such as the interaction range a or the thermal de Broglie wavelength A [Pathria
(1996)]. For Coulomb systems, the screening length replaces a, and at low temperatures,
the Fermi length Az becomes relevant [Sen (2021)]. In the presence of an external
potential, the spatial variations of the potential set another length scale. Near critical points,
the correlation length becomes significant, potentially making system-size dependence
important even for large systems [Grant & Phillips (2013); Stanley (1971)].

When L is not the dominant length scale, the system is considered ‘““small,” and the
influence of external conditions becomes significant. In such cases, the system’s behavior
can strongly depend on its environment, such as boundary conditions, external fields, or
confinement effects. These factors can lead to deviations from the predictions of thermo-
dynamic formalism, which assumes the thermodynamic limit. While the thermodynamic
formalism remains universally applicable, it must be carefully adapted to account for the
specific external conditions influencing the system. This discussion primarily focuses on
the canonical and grand canonical ensembles, but other ensembles may become relevant

depending on the experimental or environmental constraints [Klein (1990); Paul M (1995)].
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Example: Ising Model in the Canonical Ensemble

The Ising model is a mathematical model used in statistical mechanics to understand phase
transitions, particularly in ferromagnetic systems [Binder et al. (1992); Brush (1967);
L.Boltzmann (1964)]. In the canonical ensemble, the system is in thermal equilibrium with
a heat bath at a fixed temperature 7 [K.Huang (2008)]. Here, we explore the properties of
the Ising model on a lattice.

Hamiltonian

The Hamiltonian H for the Ising model is given by:
H=-JY SiSi—h)_ S, (6.1)
(i.j) i

where J is the interaction strength between neighboring spins S; and S, & is the external
magnetic field, and (i, j) denotes summation over nearest-neighbor pairs. Each spin S;
can take values +1 [Binder et al. (1992); Brush (1967); Grant & Phillips (2013); Pathria
(1996); Stanley (1971)].

Partition Function

The partition function Z for the Ising model in the canonical ensemble is:

z=Y e PH (6.2)
{8}

where 8 = with kg being the Boltzmann constant and 7' the temperature. The sum

1
kgT>
is over all possible configurations of the spins {S;} [Garg et al. (2013); K.Huang (2008);
Pathria (2016)].

Free Energy

The Helmholtz free energy F is related to the partition function by:
F =—kpgTInZ. (6.3)

[Stanley (1971); Zemansky & Dittman (1997)]
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Physical Properties

Using the free energy, we can calculate various physical properties.

1. Average Energy: The average energy (E) is given by:

_A(BF)

E)= 6.4
E)==35 (6.4)
2. Magnetization: The average magnetization (M) is:
oF
M)=——-. 6.5

3. Susceptibility: The magnetic susceptibility ¥ measures the response of the magneti-
zation to the external magnetic field:

J’F
=——. 6.6
4. Heat Capacity: The heat capacity Cy at constant volume is:
J’F
Cv=—-B*=—. 6.7
\4 B 0 ﬂz ( )

[K.Huang (2008); Paul M (1995); Stanley (1971)]
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