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Abstract
In this paper, a metric on Sb-metric space analogous to the Hausdorff metric has been
introduced, and we have proved that the set of all bounded and closed subsets of any
non-empty set M is a Sb metric space. We have presented here the fixed point results
for the set-valued map in the framework of Sb metric space, which generalizes the
famous Nadler’s (Pac J Math 30(2):475–488, 1969) fixed point results for the set-
valued map in the metric space. Furthermore, we have generalized Theorem 2 of
Kikkawa and Suzuki (Nonlinear Anal Theory Methods Appl 69(9):2942–2949) in
the setting of Sb metric space from the metric space. Illustrative examples and
numerical calculations are given to support the obtained results.

Keywords Complete metric space · Hausdorff metric space · Contraction · Sb-metric
space · Fixed point

Mathematics Subject Classification 54H10 · 54H25 · 47H10

1 Introduction

The conceptualization of spaces, particularly the generalization of metric spaces and
the examination of their properties, has consistently been a captivating field in
mathematics. Additionally, the study of fixed point theory on such spaces has always
been a fascinating area of research for mathematicians, given its relevance not only in
other mathematical domains but also in various other disciplines. For instance, the
concept of b-metric space came into the picture by Bakhtin [1], on which few
researchers have developed some fixed point results. However, Czerwick [6]
developed the extensions of the Banach contraction principle by considering different
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contractive conditions. For additional and related results see [4, 8, 12, 16, 22, 26–
28, 33].

Various mathematicians have explored the S-metric space and manifested
numerous consequences allied to the endurance of fixed points. We cite here some
of the following contributions [10, 14, 21, 23, 25, 29].

Persuaded by the job of Bakhtin [1], Souayah and Mlaiki [32] have generalized
the theory of b-metric space, presently known as Sb-metric space and proved certain
fixed point results by taking different contractions in a complete Sb-metric space.
Mlaiki [15] had further generalized the theory of Sb-metric space to extended Sb-
metric space.

Our motive in this paper is to generalize the Hausdorff metric for Sb-metric space
and to prove fixed point results for a set-valued operator on Sb-metric space. The
fixed point of set-valued mapping on metric spaces has been generalized in several
ways. An initial credential in this direction is because of Nadler [17], where Banach
contraction principle [2] is extended to the domain of set-valued setting. In this paper,
we have generalized the Nadler [17] fixed point result for set-valued mapping on Sb-
metric space. For complementary and related results on the set-valued map in the
metric space, we refer [19, 20, 30].

Throughout this paper, we denote the set of natural numbers by N and the
collection of real numbers by R.

Nadler [17] established a fundamental fixed point theorem for the set-valued map
in the metric space. Let ðM; dÞ be a metric space, then let us first recall the definition
of Pompeiu-Hausdorff metric H on the set CBðMÞ :¼ fK :
K is a non-empty bounded and closed subset of Mg induced by the metric d.

For A;B 2 CBðMÞ, the Hausdorff metric H is defined by

HðA;BÞ ¼ max
n
sup
x2A

Dðx;BÞ; sup
y2B

Dðy;AÞ
o
;

where Dðx;BÞ ¼ inffdðx; yÞ : y 2 Bg. Moreover, if ðM; dÞ is a complete metric
space, then ðCBðMÞ;HÞ is also a complete metric space.

1.1 Delineation

The paper is organized as follows: the next section contains the preliminary results
required for the study. Section 3 is devoted to the development of the Hausdorff
metric-like theory in the case of Sb-metric space. In Sect. 4, we have proved two
fixed point results. First, one generalizes Nadler’s fixed point theorem [17], and the
other one is a conceptualization of Theorem 2 of Kikkawa and Suzuki [11]. Lastly,
the paper is concluded in Sect. 5.

2 Preliminaries

In this section, we will give some preliminary definitions and results that will be
required for our study. For any two non-empty sets X and Y with X \ Y 6¼ ;, a point
x 2 X is designated as a fixed point of the mapping T : X ! Y , if TðxÞ ¼ x.
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Definition 1 Let ðM; dÞ be a complete metric space and ðCBðMÞ;HÞ be the
Hausdorff metric space. Then, a map defined from M to CBðMÞ, i.e., T : M !
CBðMÞ is known as a set-valued map.

Definition 2 Let ðM; dÞ be a complete metric space and T be a set-valued map on
M such that Tx is a non-empty closed bounded subset of M ðTx 2 CBðMÞÞ for any
x 2 M. If there exists k 2 ð0; 1Þ such that

HðTx; TyÞ� kdðx; yÞ; for all x; y 2 M;

then T is known as a set-valued contraction map.

Theorem 1 [17] Let ðM; dÞ be a complete metric space and T be a set-valued map
on M such that Tx is a non-empty closed bounded subset of M ðTx 2 CBðMÞÞ for
any x 2 M. If there exists k 2 ð0; 1Þ such that

HðTx; TyÞ� kdðx; yÞ; for all x; y 2 M;

then T has a fixed point in M, i.e., there exists x� 2 M such that x� 2 Tx�.

Remark 1 Note that, unlike the case of Banach’s fixed point theorem for a single-
valued map, Nadler’s fixed point result for a set-valued map does not guarantee the
fixed point’s uniqueness. For instance, take T : R ! CBðMÞ such that TðxÞ ¼ ½0; 1�
for each x 2 R. Then, observe that T is a constant set-valued map. Hence, it satisfies
the contraction condition, therefore it has a fixed point. Notice that each x 2 ½0; 1�
will be a fixed point of T, i.e., each x 2 Tx.

Theorem 2 [11] Define a strictly decreasing function g from [0,1) onto ð12 ; 1� by

gðrÞ ¼ 1

1þ r
:

Let ðM; dÞ be a complete metric space, and T : M ! CBðMÞ be a set-valued map.
Assume that there exists r 2 ð0; 1Þ such that

gðrÞdðx; TxÞ� dðx; yÞ implies HðTx; TyÞ� rdðx; yÞ;
for all x; y 2 M. Then, there exists z 2 M such that z 2 Tz.

Definition 3 [32] Let M be a non-empty set and s� 1 be any real number. Define a
map Sb : M

3 ! ½0;1Þ such that for all u;w; v; t 2 M; satisfies the properties

(i) Sbðu;w; vÞ ¼ 0 if and only if u ¼ w ¼ v,
(ii) Sbðu;w; vÞ� s½Sbðu; u; tÞ þ Sbðw;w; tÞ þ Sbðv; v; tÞ�:

Then, the trio, ðM; Sb; sÞ, is known as Sb-metric space.

Examples

(i) Let M ¼ R and Sbðu;w; vÞ ¼ sðju� vj þ jw� vjÞ. Then, ðM; Sb; sÞ will be
a Sb-metric space for s 2 R with s� 1.
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(ii) Let M ¼ Rn and k � k a norm on M, then Sbðu;w; vÞ ¼ sðkwþ v� 2uk þ
kw� vkÞ will be a Sb-metric on M for s 2 R with s� 1:

(iii) Let M be a non-empty set, d be the usual metric on M, then Sbðu;w; vÞ ¼
sðdðu; vÞ þ dðw; vÞÞ is a Sb-metric space on M for s 2 R with s� 1:

Remark 2 If Sbðu; u;wÞ ¼ Sbðw;w; uÞ for all u;w 2 M; then ðM; Sb; sÞ is known as
symmetric Sb-metric space.

Everywhere in this paper, M will be a symmetric Sb-metric space.

Definition 4 [7, 24] Assume ðM; Sb; sÞ be a Sb-metric space, then for h 2 M and
�q[ 0, open ball BSbðh; �qÞ and closed ball BSb ½h; �q� with center h and radius �q are
defined as below :

BSbðh; �qÞ ¼ u 2 M : Sbðh; h; uÞ\�qf g and BSb ½h; �q� ¼ t 2 M : Sbðh; h; uÞ� �qf g; respectively.

Definition 5 [24, 32] Let ðM; Sb; sÞ is a Sb-metric space and fhng is a sequence in
M. Then,

(i) fhng is called convergent if and only if there exists h 2 M such that
Sbðhn; hn; hÞ ! 0 when n ! 1. We put down lim

n!1 hn ¼ h:

(ii) fhng is called Cauchy sequence if and only if Sbðhn; hn; hmÞ ! 0 when
n;m ! 1:

iii) ðM; SbÞ is said to be complete Sb-metric space if every Cauchy sequence
fhng converges to a point h 2 M.

Definition 6 [32] Diameter of a subset, K, of Sb-metric space, M, is defined as
follows

DmðKÞ ¼ supfSbðh; u; vÞ : h; u; v 2 Kg:

We shall require the following concepts:
When DmðKÞ\1 for any subset K of a Sb-metric space,M, then K is said to be a

bounded subset of M.

3 Set-valued Sb-metric spaces

Let ðM; Sb; sÞ be a Sb-metric space for s� 1 and CBðMÞ :¼ fK :
K is a non-empty bounded and closed subset of Mg: Let h 2 M and for P;R;Q 2
CBðMÞ define

Dbðh;RÞ ¼ inffSbðh; h; rÞ : r 2 Rg; ð1Þ

Nð�;P;RÞ ¼ fh 2 M : Dbðh;PÞ� � and Dbðh;RÞ� �g; ð2Þ
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L ¼ f�[ 0 : P � Nð�;R;QÞ; R � Nð�;P;QÞ; and Q � Nð�;P;RÞg; ð3Þ

HbðP;Q;RÞ ¼ max

(
max sup

~p2P
Dbð~p;RÞ; sup

~p2P
Dbð~p;QÞ

( )
;max sup

~r2R
Dbð~r;PÞ; sup

~r2R
Dbð~r;QÞ

� �
;

max sup
~q2Q

Dbð~q;PÞ; sup
~q2Q

Dbð~q;RÞ
( ))

:

ð4Þ
The following lemma proves that the set of all bounded and closed subsets of any
non-empty set M is a Sb metric space.

Lemma 1 Assume ðM; Sb; sÞ is a Sb-metric space, Hb : ðCBðMÞÞ3 ! ½0;1Þ be a
function defined in (4), then for some k 2 R with k� 1, Hb be a Sb-metric on
CBðMÞ, i.e., ðCBðMÞ;Hb; kÞ is a Sb-metric space.

Proof To prove that Hb is a Sb-metric space, for every P;R;Q;M 2 CBðMÞ, it
needs to satisfy the following two conditions:

(a) HbðP;R;QÞ ¼ 0 iff P ¼ R ¼ Q,
(b) HbðP;R;QÞ� kfHbðP;P;MÞ þ HbðR;R;MÞ þ HbðQ;Q;MÞg.

Proof of (a). Let P ¼ R ¼ Q, then HbðP;R;QÞ ¼ 0 because every ~p 2 P satisfies
Dbð~p;RÞ ¼ 0 and Dbð~p;QÞ ¼ 0. Conversely, suppose HbðP;R;QÞ ¼ 0, then from
(4) we have

Dbð~p;RÞ ¼ 0 and

)P 	 R and
ð5Þ

By a similar argument, we obtain that

R 	 P and ð6Þ

Q 	 P and ð7Þ
Hence, from (5), (6), and (7) we conclude that P ¼ R ¼ Q:

Proof of (b). Since Dbðh;RÞ ¼ inf
r2R

fSbðh; h; rÞg by (1) and ðM; Sb; sÞ is a Sb-metric

space. Therefore, for every a 2 M, ~r 2 R and ~p 2 P, we have
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Sbð~p; ~p; ~rÞ� sfSbð~p; ~p; aÞ þ Sbð~p; ~p; aÞ þ Sbð~r; ~r; aÞg
)inf

~r2R
Sbð~p; ~p; ~rÞ� sf2Sbð~p; ~p; ~rÞ þ inf

~r2R
Sbð~r; ~r; aÞg

)Dbð~p;RÞ� sf2Sbð~p; ~p; ~rÞ þ 2inf
~r2R

Sbð~r; ~r; aÞg
)Dbð~p;RÞ� 2sfSbð~p; ~p; aÞ þ Dbð~r;AÞg
)Dbð~p;RÞ� 2sfSbð~p; ~p; aÞ þ HbðR;R;MÞg by (4)

)Dbð~p;RÞ� 2sfinf
a2A

Sbð~p; ~p; aÞ þ HbðR;R;MÞg
)Dbð~p;RÞ� 2sfDbð~p;AÞ þ HbðR;R;MÞg
)Dbð~p;RÞ� 2sfHbðP;P;MÞ þ HbðR;R;MÞg by (4)

)sup
~p2P

Dbð~p;RÞ� 2sfHbðP;P;MÞ þ HbðR;R;MÞg since ~p is arbitrary.

ð8Þ

By applying an analogous argument, we can prove that

sup
~p2P

Dbð~p;QÞ� 2sfHbðP;P;MÞ þ HbðQ;Q;MÞg: ð9Þ

By using (8) and (9), we obtain

max sup
~p2P

Dbð~p;RÞ; sup
~p2P

Dbð~p;QÞ
( )

� maxf2sfHbðP;P;MÞ þ HbðR;R;MÞg;

2sfHbðP;P;MÞ þ HbðQ;Q;MÞgg
� 2sfHbðP;P;MÞ þ HbðR;R;MÞg
þ 2sfHbðP;P;MÞ þ HbðQ;Q;MÞg
� 4sfHbðP;P;MÞ þ HbðR;R;MÞ þ HbðQ;Q;MÞg;

i:e:; max sup
~p2P

Dbð~p;RÞ; sup
~p2P

Dbð~p;QÞ
( )

� 4sfHbðP;P;MÞ þ HbðR;R;MÞ

þ HbðQ;Q;MÞg:

ð10Þ

Similarly, we can show that

max sup
~r2R

Dbð~r;PÞ; sup
~r2R

Dbð~r;QÞ
� �

� 4sfHbðP;P;MÞ þ HbðR;R;MÞ

þ HbðQ;Q;MÞg
ð11Þ

and ; max sup
~q2Q

Dbð~q;PÞ; sup
~q2Q

Dbð~q;RÞ
( )

� 4sfHbðP;P;MÞ þ HbðR;R;MÞ

þ HbðQ;Q;MÞg:
ð12Þ

Thus, the inequalities (4), (10), (11), and (12) completes the proof of (b). h

Remark 3 If ðM; Sb; sÞ is a Sb-metric space, then ðCBðMÞ;Hb; kÞ will be a Sb-
metric with k ¼ 4s.
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Lemma 2 Consider ðM; Sb; sÞ be a Sb-metric space, then for every
P;R;Q 2 CBðMÞ, HbðP;R;QÞ defined by (4), is equivalent to HbðP;R;QÞ ¼ inf

�[ 0
L.

Proof First assume that HbðP;R;QÞ is defined by (4), then for all ~p 2 P, we have

Dbð~p;RÞ�HbðP;R;QÞ and Dbð~p;RÞ�HbðP;R;QÞ
)P � NðHbðP;R;QÞ;R;QÞ:

ð13Þ

Similarly, we have

R � NðHbðP;R;QÞ;P;QÞ and Q � NðHbðP;R;QÞ;P;RÞ: ð14Þ
Thus, from (13) and (14), we get HbðP;R;QÞ 2 L.

Now for any � 2 L, we have

A � Nð�;R;QÞ
)Dbð~p;RÞ� � and Dbð~p;QÞ� � for all ~p 2 P

)sup
~p2P

Dbð~p;RÞ� � and sup
~p2P

Dbð~p;QÞ� �

)max sup
~p2P

Dbð~p;RÞ; sup
~p2P

Dbð~p;QÞ
( )

� �:

ð15Þ

Also by definition of L in (3), we have R � Nð�;P;QÞ and Q � Nð�;P;RÞ this
implies

max sup
~r2R

Dbð~r;PÞ; sup
~r2R

Dbð~r;QÞ
� �

� � and ð16Þ

max sup
~q2Q

Dbð~q;PÞ; sup
~q2Q

Dbð~q;RÞ
( )

� �: ð17Þ

Thus, by using the (15), (16), (17) and HbðP;R;QÞ 2 L, we get HbðP;R;QÞ ¼ inf L:
Conversely, assume HbðP;R;QÞ ¼ inf L, then by (3), we have

Dbð~p;RÞ� � and Dbð~p;QÞ� � for each ~p 2 P and for all � 2 L

)Dbð~p;RÞ� inf L ¼ HbðP;R;QÞ and Dbðp;QÞ� inf L

)sup
~p2P

Dbð~p;RÞ�HbðP;R;QÞ and sup
~p2P

Dbð~p;QÞ�HbðP;R;QÞ

)max sup
~p2P

Dbð~p;RÞ; sup
~p2P

Dbð~p;QÞ
( )

�HbðP;R;QÞ:

ð18Þ

Similarly, we can show

max sup
~r2R

Dbð~r;PÞ; sup
~r2R

Dbð~r;QÞ
� �

�HbðP;R;QÞ and ð19Þ
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max sup
~q2Q

Dbð~q;PÞ; sup
~q2Q

Dbð~q;RÞ
( )

�HbðP;R;QÞ: ð20Þ

Then, inequalities (18), (19) and (20) together, implies that

max

(
max sup

~p2P
Dbð~p;RÞ; sup

~p2P
Dbð~p;QÞ

( )
;max sup

~r2R
Dbð~r;PÞ; sup

~r2R
Dbð~r;QÞ

� �
;

max sup
~q2Q

Dbð~q;PÞ; sup
~q2Q

Dbð~q;RÞ
( ))

�HbðP;R;QÞ:
ð21Þ

By (3), it follows that

max

(
max sup

~p2P
Dbð~p;RÞ; sup

~p2P
Dbð~p;QÞ

( )
;max sup

~r2R
Dbð~r;PÞ; sup

~r2R
Dbð~r;QÞ

� �
;

max sup
~q2Q

Dbð~q;PÞ; sup
~q2Q

Dbð~q;RÞ
( ))

2 L:

ð22Þ

Hence, (21) and (22) together accomplishes the proof of Lemma 2. h

4 Main results

Theorem 3 (Generalization of Nadler’s fixed point theorem on Sb-metric space). Let
ðM; Sb; sÞ be a complete metric space and CBðMÞ be the collection of closed and
bounded subsets of M with metric Hb and suppose that T : M ! CBðMÞ be a
continuous set-valued map satisfying the condition,

HbðTh;Th;TgÞ� aSbðh; h; gÞ for all h; g 2 M and a 2 0;
1

s

� �
: ð23Þ

Then, T has a fixed point in M:

Proof Consider h0 2 M and choose h1 2 Th0. Since Th0; Th1 2 CBðMÞ, there-
fore by Lemma 2 there exists h2 2 Th1 such that

Sbðh1; h1; h2Þ�HbðTh0;Th0;Th1Þ þ a;

)Sbðh1; h1; h2Þ� aSbðh0; h0; h1Þ þ a by (23):
ð24Þ

In the same way, there exists h3 2 Th2, such that
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Sbðh2; h2; h3Þ�HbðTh1;Th1;Th2Þ þ a2

� aSbðh1; h1; h2Þ þ a2

� a½aSbðh0; h0; h1Þ þ a� þ a2 by (24)

)Sbðh2; h2; h3Þ� a2Sbðh0; h0; h1Þ þ 2a2:

Ongoing in this fashion, we get a sequence fhigi2N � M such that hiþ1 2 Thi and
Sbðhi; hi; hiþ1Þ�HbðThi�1;Thi�1;ThiÞ þ ai for all i� 1.

Since

Sbðhi; hi; hiþ1Þ�HbðThi�1;Thi�1;ThiÞ þ ai

� aSbðhi�1; hi�1; hiÞ þ ai

� a½HbðThi�2;Thi�2;Thi�1Þ þ ai�1� þ ai

¼ aHbðThi�2;Thi�2;Thi�1Þ þ 2ai

� a2Sbðhi�2; hi�2; hi�1Þ þ 2ai

..

.

)Sbðhi; hi; hiþ1Þ� aiSbðh0; h0; h1Þ þ iai for all i 2 N:

ð25Þ

Therefore, for m� n, we deduce that

Sbðhn; hn; hmÞ� s 2Sbðhn; hn; hnþ1Þ þ Sbðhnþ1; hnþ1; hmÞ½ � (by Remark 3)

� 2sSbðhn; hn; hnþ1Þ þ s s 2Sbðhnþ1; hnþ1; hnþ2Þ þ Sbðhnþ2 þ hnþ2 þ hmÞ½ �½ �
¼ 2sSbðhn; hn; hnþ1Þ þ 2s2Sbðhnþ1; hnþ1; hnþ2Þ þ s2Sbðhnþ2; hnþ2; hmÞ
..
.

� 2sSbðhn; hn; hnþ1Þ þ � � � þ 2sm�nSbðhm�1; hm�1; hmÞ
� 2

h
s anSbðh0; h0; h1Þ þ nanf g þ s2fanþ1Sbðh0; h0; h1Þ þ ðnþ 1Þanþ1g

þ � � � þ sm�n am�1Sbðh0; h0; h1Þ þ ðm� 1Þam�1
� �i

¼ 2
h
fsan þ � � � þ sm�nam�1gSbðh0; h0; h1Þ þ fsnan þ s2ðnþ 1Þanþ1

þ � � � þ sm�nðm� 1Þam�1g
i

¼ 2ðsanÞð1� ðsaÞm�n�1Þ
1� sa

Sbðh0; h0; h1Þ þ sanfnþ ðnþ 1Þsa
þ � � � þ ðnþ ðm� n� 1ÞÞðsaÞm�n�1g

¼ 2sanð1� ðsaÞm�n�1Þ
1� sa

Sbðh0; h0; h1Þ þ san
Xm�n�1

i¼1

ðnþ iÞðsaÞi:

This implies that

Sbðhn; hn; hmÞ� 2sanð1� ðsaÞm�n�1Þ
1� sa

Sbðh0; h0; h1Þ þ san
Xm�n�1

i¼1

ðnþ iÞðsaÞi: ð26Þ

From the inequality (26), it follows that fhig is a Cauchy sequence. As ðM; Sb; sÞ is
complete, fhig converges to a point h 2 M. Therefore, the sequence fThig
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converges to Th and, since hi 2 Thi�1 for all i, it follows that h 2 Th. This estab-
lishes the theorem. h

Example 1 Let M ¼ R with Sbðh; u;wÞ ¼ sfjh� wj þ ju� wjg for some s 2 R

with s� 1 and T : M ! CBðMÞ such that

Th ¼
h

24s
;
3h

24s
þ 1

� �
; h� 0

f0g; h\0:

8<
:

Observe that

HbðTh;Th;TuÞ� 1

4s
Sbðh; h; uÞ for every h; u 2 M

and T is continuous. Hence, T satisfies all the constrains of Theorem 3, therefore T
has a fixed point in M. More precisely the set of all fixed points of T is 0; 24s

24s�3

	 

:

Theorem 4 Consider ðM; Sb; sÞ be a complete Sb-metric space. Define a strictly
decreasing function g : ½0; 1sÞ ! ð 1

2 sþ1 ;
1
2 s�

gðrÞ ¼ 1

sð2þ rÞ ;

and let T : M ! CBðMÞ be a mapping. Assume that there exists some r 2 ½0; 1Þ
such that

gðrÞDbðh;ThÞ� Sbðh; h; tÞ implies HbðTh;Th;TtÞ� rSbðh; h; tÞ for all h; t 2 M:

ð27Þ
Then, there exists z 2 M such that z 2 Tz:

Proof Take a real number r1 with 0� r1\r\1. Then, for each u ¼ u0 2 M and
u1 2 Tu, we have

gðrÞDbðu;TuÞ� gðrÞSbðu; u; u1Þ� Sbðu; u; u1Þ
)Dbðu1;Tu1Þ�HbðTu;Tu;Tu1Þ� rSbðu; u; u1Þ� r1Sbðu; u; u1Þ by (27):

Therefore, there exists u2 2 Tu1 such that Sbðu1; u1; u2Þ� r1Sbðu; u; u1Þ. Thus, we
get a sequence fung such that un 2 Tun�1 and

Sbðun�1; un�1; unÞ� r1Sbðun�2; un�2; un�1Þ� � � � � rn�1
1 Sbðu; u; u1Þ: ð28Þ

Therefore, for m� n, we have

123

420 J. Sarkar et al.



Sbðun; un; umÞ� s½2Sbðun; un; unþ1Þ þ Sbðunþ1; unþ1; umÞ� (by Remark 3)

� 2sSbðun; un; unþ1Þ þ s s 2Sbðunþ1; unþ1; unþ2Þ þ Sbðunþ2 þ unþ2 þ umÞ½ �½ �
¼ 2sSbðun; un; unþ1Þ þ 2s2Sbðunþ1; unþ1; unþ2Þ þ s2Sbðunþ2; unþ2; umÞ
..
.

� 2sSbðun; un; unþ1Þ þ � � � þ 2sm�nSbðum�1; um�1; umÞ
� 2srn1Sbðu; u; u1Þ þ 2s2rnþ1

1 Sbðu; u; u1Þ þ � � � þ 2sm�nrm�1
1 Sbðu; u; u1Þ by (28)

¼ 2srn1½1þ sr1 þ ðsr1Þ2 þ � � � þ ðsr1Þm�n�1�Sbðu; u; u1Þ

¼ 2srn1ð1� ðsr1Þm�nÞ
1� sr1

Sbðu; u; u1Þ:

This implies

Sbðun; un; umÞ� 2srn1ð1� ðsr1Þm�nÞ
1� sr1

Sbðu; u; u1Þ: ð29Þ

From (29), it follows that fung is a Cauchy sequence. Since M is a complete Sb-
metric space, fung converges to some point z 2 M.

We next show that

Dbðz;ThÞ� rSbðz; z; hÞ for each h 2 M=fzg:
Since un ! z, there exists k 2 N such that

Sbðun; un; zÞ� 1

2sð1þ 4sÞ Sbðh; h; zÞ for all n 2 N and n� k: ð30Þ

Then, we have

gðrÞDbðun;TunÞ�Dbðun;TunÞ� Sbðun; un; unþ1Þ
� s½2Sbðun; un; zÞ þ Sbðunþ1; unþ1; zÞ�
� 2s½Sbðun; un; zÞ þ Sbðunþ1; unþ1; zÞ�
� 4s

2sð1þ 4sÞ Sbðh; h; zÞ by (30)

¼ 1

2s
Sbðh; h; zÞ � 1

2sð1þ 4sÞ Sbðh; h; zÞ

� 1

2s
Sbðh; h; zÞ � Sbðun; un; zÞ by (30)

� Sbðun; un; hÞ
)gðrÞDbðun;TunÞ� Sbðun; un; hÞ:

Therefore, by assumption it follows that HbðTun;Tun;ThÞ� rSbðun; un; hÞ. This
implies that Dbðunþ1;ThÞ� rSbðun; un; hÞ for n 2 N with n� k. Letting n ! 1, we
obtain

Dbðz;ThÞ� rSbðz; z; hÞ for every h 2 M=fzg: ð31Þ
We next prove that

123

Generalized Hausdorff metric on Sb-metric space and some... 421



HbðTh;Th;TzÞ� rSbðh; h; zÞ for every h 2 M:

If h ¼ z, then it holds obviously. Therefore, consider h 6¼ z. Then, for every n 2 N,
there exists yn 2 Th such that

Sbðz; z; ynÞ�Dbðz;ThÞ þ 1

ns
Sbðh; h; zÞ: ð32Þ

We have

Dbðh;ThÞ� Sbðh; h; ynÞ
� s½2Sbðh; h; zÞ þ Sbðz; z; ynÞ�
� 2sSbðh; h; zÞ þ sDbðz;ThÞ þ 1

n
Sbðh; h; zÞ by (30)

� 2sSbðh; h; zÞ þ srSbðh; h; zÞ þ 1

n
Sbðh; h; zÞ by (30)

)Dbðh;ThÞ� 2sþ sr þ 1

n

� �
Sbðh; h; zÞ for each n 2 N

and hence 1
sð2þrÞDbðh;ThÞ� Sbðh; h; zÞ. From (27), we have

HbðTh;Th;ThÞ� rSbðh; h; zÞ:
Since

Dbðz;TzÞ ¼ lim
n!1Dbðunþ1;TzÞ� lim

n!1HbðTun;Tun;TzÞ� lim
n!1 rSbðun; un; zÞ ¼ 0

and Tz 2 CBðMÞ, we obtain z 2 Tz: This completes the proof. h

Example 2 Let M ¼ R such that Sbðh; u;wÞ ¼ sfjh� wj þ ju� wjg, for s 2 R and
s� 1, be a Sb-metric onM. Consider T : M ! CBðMÞ be a set-valued map defined
on M such that

Th ¼
h� 1

48s
� 1;

3ðh� 1Þ
48s

þ 2

� �
; h� 0

f0g; h\0:

8<
:

Then, observe that for all h; u 2 M, HbðTh;Th;TuÞ� 1
8 s Sbðh; h; uÞ. Hence, it sat-

isfies the condition of Theorem 4. Therefore, T has a fixed point. Actually the set of
all fixed points of T is 0; 96sþ3

48s�3

	 

.

Remark Notice that using Theorem 4 there exists r 2 0; 1s
	 �

such that,

HbðTh;Th;TtÞ� rSbðh; h; tÞ for all h; t 2 M

which implies that T has a fixed point in M. This shows Theorem 3 is a general-
ization of Theorem 4.
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5 Conclusion and future scopes

We have developed the initial theory for set-valued Sb-metric space. We have
generalized the Hausdorff metric for Sb metric space to obtain a fixed point of a set-
valued operator. In this article, we have used the generalization of the Banach
contraction mapping principle in the domain of set-valued settings. In Sect. 2, we
have defined the Hausdorff metric in Sb metric space and proved that
ðCBðMÞ;Hb; kÞ is a Sb-metric space.

We have proved two fixed point results in Sect. 3. The first one is Theorem 3, the
fixed point results for the set-valued map in the framework of Sb metric space, which
generalizes the famous Nadler’s fixed point result [17] for the set-valued map in the
metric space. The second one is Theorem 4, which is the generalization of the
theorem in article [11] in the setting of Sb metric space from the metric space.

In the future, we may try to develop the generalized Hausdorff metric space
defined in this paper and generalize the well-known fixed point results for the case of
Sb metric space. Furthermore, it will be interesting to see if one can try to generate
fractals using the Theorem 3 and the iterated function system and Hutchinson
mapping in the following way:

Let F1;F2; . . .;Fm : M ! CBðMÞ be set-valued operators. The system F ¼
ðF1;F2; . . .;FmÞ is called an iterated function system if F ¼ ðF1;F2; . . .;FmÞ is such
that Fi : M ! KðMÞ, i 2 f1; 2; . . .;mg are continuous, (where KðMÞ denotes the
set of all compact subset of M) then the Hutchinson operator TF is defined as

TFðX Þ ¼ [m
i¼1FiðX Þ; for each X 2 KðMÞ:

A nonempty compact subset A� � X is said to be a fractal generated by iterated
function system F ¼ ðF1;F2; . . .;FmÞ if and only if it is a fixed point of TF , i.e.
TFðA�Þ ¼ A�: For more details on fractal and set-valued fractals, we refer
[3, 5, 9, 13, 18, 31]. Further, it has been noticed that results in Sb-metric spaces could
be applied to problems that are inaccessible to applications based on results that are
their metric space counterparts. This is also supposed to be true for the fixed point
theorems proved in Sb metric spaces. The above is supposed to form a basis for our
future work.

Acknowledgements The first author’s work is financially supported by the CSIR, India, with grant no: 09/
1217(13093)/2022-EMR-I. The work is supported by the MHRD Fellowship to the 2nd author as a TA-
ship at the Indian Institute of Technology (BHU), Varanasi. Furthermore, the authors would like to express
their gratitude to the reviewers for their valuable suggestions to enhance the quality of the paper.

Data availability The manuscript has no associated data.

Declarations

Conflict of interest The authors have no conflict of interest in this paper.

123

Generalized Hausdorff metric on Sb-metric space and some... 423



References

1. Bakhtin, I. 1989. The contraction mapping in almost metric spaces, funct. Funct. Ana. Gos. Ped. Inst.
Unianowsk 30: 26–37.

2. Banach, S. 1922. Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales. Fundamenta Mathematicae 3 (1): 133–181.

3. Barnsley, M.F. 2014. Fractals everywhere. Academic press.
4. Bota, M., A. Molnar, and C. Varga. 2011. On Ekelandâ€™s variational principle in b-metric spaces.

Fixed Point Theory 12 (2): 21–28.
5. Chifu, C., and A. Petruşel. 2008. Multivalued fractals and generalized multivalued contractions.

Chaos, Solitons & Fractals 36 (2): 203–210.
6. Czerwik, S. 1993. Contraction mappings in b-metric spaces. Acta Mathematica et Informatica

Universitatis Ostraviensis 1 (1): 5–11.
7. Dedovic, N., G. Kishore, D. Prasad, and J. Vujakovic. 2019. Suzuki type fixed point results and

applications in partially ordered sb-metric spaces. Novi Sad Journal of Mathematics 49 (2): 123–138.
8. Dubey, A., R. Shukla, and R. Dubey. 2014. Some fixed point results in b-metric spaces. Asian Journal

of Mathematics and Applications 2014: 6.
9. Falconer, K. 2004. Fractal Geometry: Mathematical Foundations and Applications. Wiley.
10. Gangwar, A., S. Rawat, and R. Dimri. 2023. Solution of differential inclusion problem in controlled s-

metric spaces via new multivalued fixed point theorem. The Journal of Analysis 31 (4): 2459–2472.
11. Kikkawa, M., and T. Suzuki. 2008. Three fixed point theorems for generalized contractions with

constants in complete metric spaces. Nonlinear Analysis: Theory, Methods & Applications 69 (9):
2942–2949.

12. Kir, M., and H. Kiziltunc. 2013. On some well known fixed point theorems in b-metric spaces. Turkish
Journal of Analysis and Number Theory 1 (1): 13–16.

13. Miculescu, R., and A. Mihail. 2019. A Nadler type result for iterated multifunction systems. Journal of
Fixed Point Theory and Applications 21: 1–11.

14. Mlaiki, N. 2015. w-contractive mapping on S-metric space. Mathematical Sciences Letters 4 (1): 9.
15. Mlaiki, N. 2018. Extended Sb-metric spaces. Journal of Mathematical Analysis 9: 124–135.
16. Mukheimer, A. 2014. a-w-/-contractive mappings in ordered partial b-metric spaces. Journal of

Nonlinear Sciences and Applications 7: 168–179.
17. Nadler, S., et al. 1969. Multi-valued contraction mappings. Pacific Journal of Mathematics 30 (2):

475–488.
18. Pandey, M., T. Som, and S. Verma. 2023. Set-valued a-fractal functions. Constructive Approximation

1: 105–133.
19. Pant, R., and D. Khantwal. 2023. Existence results for single and multivalued mappings in metric

spaces with applications. Advances in Fixed Point Theory 13: 8.
20. Petruşel, A., G. Petruşel, and L. Horvath. 2024. Maia type fixed point theorems for multi-valued Feng-

Liu operators. The Journal of Analysis 32 (1): 73–83.
21. Prudhvi, K. 2015. Fixed point results in S-metric spaces. Universal Journal of Computational

Mathematics 3: 19–21.
22. Roy, K., and M. Saha. 2022. Interpolative Caristi type contractive mapping in an extended b-metric

space. The Journal of Analysis 2022: 1–14.
23. Sedghi, S., and N. Shobe. 2011. A common unique random fixed point theorems in S-metric spaces.

Journal of Prime Research in Mathematics 7: 25–34.
24. Sedghi, S., N. Shobkolaei, M. Shahraki, and T. Došenović. 2018. Common fixed point of four maps in

s-metric spaces. Mathematical Sciences 12 (2): 137–143.
25. Sedghi, S., and N. Van Dung. 2014. Fixed point theorems on S-metric spaces.Matematički Vesnik 255:

113–124.
26. Shatanawi, W. 2010. Fixed point theory for contractive mappings satisfying-maps in-metric spaces.

Fixed Point Theory and Applications 2010: 1–9.
27. Shatanawi, W., and A. Pitea. 2013. Some coupled fixed point theorems in quasi-partial metric spaces.

Fixed Point Theory and Applications 2013 (1): 1–15.
28. Shukla, S. 2014. Partial b-metric spaces and fixed point theorems. Mediterranean Journal of Math-

ematics 11 (2): 703–711.
29. Singh, A., and N. Hooda. 2014. Coupled fixed point theorems in S-metric spaces. International

Journal of Mathematics and Statistics Invention 2 (4): 33–39.

123

424 J. Sarkar et al.



30. Singh, S., S. Mishra, and R. Pant. 2009. New fixed point theorems for asymptotically regular multi-
valued maps. Nonlinear Analysis: Theory, Methods & Applications 71 (7–8): 3299–3304.

31. Som, T., J. Sarkar, and D. Gopal. 2024. Generation of fractals by /-iterated tupling system. The
Journal of Analysis 2024: 1–16.

32. Souayah, N., and N. Mlaiki. 2016. A fixed point theorem in Sb-metric spaces. Journal of Mathematics
and Computer Science 16: 131–139.

33. Vetro, C., S. Chauhan, E. Karapınar, and W. Shatanawi. 2015. Fixed points of weakly compatible
mappings satisfying generalized u-weak contractions. Bulletin of the Malaysian Mathematical Sci-
ences Society 38 (3): 1085–1105.

Publisher's Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a
publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and
applicable law.

Authors and Affiliations

Jayanta Sarkar1 · Megha Pandey1 · Tanmoy Som1 · B. S. Choudhury2

& Jayanta Sarkar
jayantasarkar.rs.mat20@itbhu.ac.in

Megha Pandey
megha.rs.mat19@itbhu.ac.in

Tanmoy Som
tsom.apm@iitbhu.ac.in

B. S. Choudhury
binayak@math.iiests.ac.in

1 Department of Mathematical Sciences, Indian Institute of Technology (Banaras Hindu
University), Varanasi 221005, India

2 Department of Mathematics, Indian Institute of Engineering Science and Technology,
Shibpur, Howrah 711103, India

123

Generalized Hausdorff metric on Sb-metric space and some... 425


	Generalized Hausdorff metric on Sb-metric space and some fixed point results
	Abstract
	Introduction
	Delineation

	Preliminaries
	Set-valued S_b-metric spaces
	Main results
	Conclusion and future scopes
	Data availability
	References




