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Abstract

In this paper, a metric on S,-metric space analogous to the Hausdorff metric has been
introduced, and we have proved that the set of all bounded and closed subsets of any
non-empty set M is a S, metric space. We have presented here the fixed point results
for the set-valued map in the framework of §;, metric space, which generalizes the
famous Nadler’s (Pac J Math 30(2):475-488, 1969) fixed point results for the set-
valued map in the metric space. Furthermore, we have generalized Theorem 2 of
Kikkawa and Suzuki (Nonlinear Anal Theory Methods Appl 69(9):2942-2949) in
the setting of S, metric space from the metric space. Illustrative examples and
numerical calculations are given to support the obtained results.

Keywords Complete metric space - Hausdorff metric space - Contraction - Sp-metric
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1 Introduction

The conceptualization of spaces, particularly the generalization of metric spaces and
the examination of their properties, has consistently been a captivating field in
mathematics. Additionally, the study of fixed point theory on such spaces has always
been a fascinating area of research for mathematicians, given its relevance not only in
other mathematical domains but also in various other disciplines. For instance, the
concept of b-metric space came into the picture by Bakhtin [1], on which few
researchers have developed some fixed point results. However, Czerwick [6]
developed the extensions of the Banach contraction principle by considering different
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contractive conditions. For additional and related results see [4, 8, 12, 16, 22, 26—
28, 33].

Various mathematicians have explored the S-metric space and manifested
numerous consequences allied to the endurance of fixed points. We cite here some
of the following contributions [10, 14, 21, 23, 25, 29].

Persuaded by the job of Bakhtin [1], Souayah and Mlaiki [32] have generalized
the theory of b-metric space, presently known as Sp-metric space and proved certain
fixed point results by taking different contractions in a complete Sp-metric space.
Mlaiki [15] had further generalized the theory of Sj-metric space to extended S;-
metric space.

Our motive in this paper is to generalize the Hausdorff metric for S,-metric space
and to prove fixed point results for a set-valued operator on Sp-metric space. The
fixed point of set-valued mapping on metric spaces has been generalized in several
ways. An initial credential in this direction is because of Nadler [17], where Banach
contraction principle [2] is extended to the domain of set-valued setting. In this paper,
we have generalized the Nadler [17] fixed point result for set-valued mapping on Sj-
metric space. For complementary and related results on the set-valued map in the
metric space, we refer [19, 20, 30].

Throughout this paper, we denote the set of natural numbers by N and the
collection of real numbers by R.

Nadler [17] established a fundamental fixed point theorem for the set-valued map
in the metric space. Let (M, d) be a metric space, then let us first recall the definition
of  Pompeiu-Hausdorff —metric H on the set CB(M):={K:
K is a non-empty bounded and closed subset of M} induced by the metric d.

For 4, B € CB(M), the Hausdorff metric H is defined by

H(A4,B) = max {sup D(x,B), sup D(y,A)},
x€A yeB
where D(x,B) = inf{d(x,y) : y € B}. Moreover, if (M,d) is a complete metric
space, then (CB(M), H) is also a complete metric space.

1.1 Delineation

The paper is organized as follows: the next section contains the preliminary results
required for the study. Section 3 is devoted to the development of the Hausdorff
metric-like theory in the case of Sy-metric space. In Sect. 4, we have proved two
fixed point results. First, one generalizes Nadler’s fixed point theorem [17], and the
other one is a conceptualization of Theorem 2 of Kikkawa and Suzuki [11]. Lastly,
the paper is concluded in Sect. 5.

2 Preliminaries
In this section, we will give some preliminary definitions and results that will be

required for our study. For any two non-empty sets X and Y with X N'Y # (), a point
x € X is designated as a fixed point of the mapping 7 : X — Y, if T(x) = x.

@ Springer



Generalized Hausdorff metric on S,-metric space and some... 413

Definition 1 Let (M,d) be a complete metric space and (CB(M),H) be the
Hausdorff metric space. Then, a map defined from M to CB(M), ie., T: M —
CB(M) is known as a set-valued map.

Definition 2 Let (M, d) be a complete metric space and T be a set-valued map on
M such that Tx is a non-empty closed bounded subset of M (Tx € CB(M)) for any
x € M. If there exists k € (0,1) such that

H(Tx, Ty) <kd(x,y), for all x,y € M,
then 7 is known as a set-valued contraction map.

Theorem 1 [17] Let (M, d) be a complete metric space and T be a set-valued map
on M such that Tx is a non-empty closed bounded subset of M (Tx € CB(M)) for
any x € M. If there exists k € (0, 1) such that

H(Tx,Ty) <kd(x,y), for all x,y € M,
then T has a fixed point in M, i.e., there exists x* € M such that x* € Tx*.

Remark 1 Note that, unlike the case of Banach’s fixed point theorem for a single-
valued map, Nadler’s fixed point result for a set-valued map does not guarantee the
fixed point’s uniqueness. For instance, take 7 : R — CB(M) such that T(x) = [0, 1]
for each x € R. Then, observe that T is a constant set-valued map. Hence, it satisfies
the contraction condition, therefore it has a fixed point. Notice that each x € [0, 1]
will be a fixed point of 7, i.e., each x € Tx.

Theorem 2 [11] Define a strictly decreasing function n from [0,1) onto (3,1] by

1
’7(’”)*1_’_’”'

Let (M, d) be a complete metric space, and T : M — CB(M) be a set-valued map.
Assume that there exists 7 € (0, 1) such that

n(r)d(x, Tx) <d(x,y) implies H(Tx,Ty) <rd(x,y),
for all x,y € M. Then, there exists z € M such that z € Tz.

Definition 3 [32] Let M be a non-empty set and s > 1 be any real number. Define a
map S : M> — [0, 00) such that for all u, w,v,t € M, satisfies the properties

@  Sp(u,w,v) =0ifand only ifu =w =,
(i) Sp(u,w,v) <s[Sp(u,u,t) + Sp(w,w, 1) + Sp(v, v,1)].
Then, the trio, (M, Sp,s), is known as S,-metric space.

Examples

(i) LetM = RandSy(u,w,v) =s(ju—v|+ [w—v]|). Then, (M, S, s) will be
a Sp-metric space for s € R with s > 1.
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(i) Let M = R"and || - || a norm on M, then S;(u, w,v) = s(||lw + v —2u|| +
lw—v||) will be a Sp-metric on M for s € R with s > 1.

(ili) Let M be a non-empty set, d be the usual metric on M, then Sj(u, w,v) =
s(d(u,v) +d(w,v)) is a S,-metric space on M for s € R with s > 1.

Remark 2 1f Sy (u, u,w) = Sp(w, w,u) for all u,w € M, then (M, S, s) is known as
symmetric Sp-metric space.

Everywhere in this paper, M will be a symmetric S,-metric space.

Definition 4 [7, 24] Assume (M, S, s) be a Sp-metric space, then for 4 € M and
g > 0, open ball Bs,(h,g) and closed ball Bg, [, g] with center 4 and radius § are
defined as below :

Bs,(h,q) ={ue M : Sp(h,h,u)<g} and Bg,[h,q| = {t € M : Sp(h,h,u) <g}, respectively.

Definition 5 [24, 32] Let (M, Sy, s) is a Sp-metric space and {%,} is a sequence in
M. Then,

(i) {hn} is called convergent if and only if there exists # € M such that
Sp(hy, by B) — 0 when n — co. We put down lim 4, = h.

(i) {h,} is called Cauchy sequence if and only if Sy(h,,h,,h,) — O when
n,m— oo.

iii)  (M,S,) is said to be complete S,-metric space if every Cauchy sequence
{h,} converges to a point 1 € M.

Definition 6 [32] Diameter of a subset, K, of S,-metric space, M, is defined as
follows

D, (K) = sup{Sp(h,u,v) : h,u,v € K}.

We shall require the following concepts:
When D,,(K) < oo for any subset K of a Sp-metric space, M, then K is said to be a
bounded subset of M.

3 Set-valued S,-metric spaces
Let (M,Sp,s) be a Sp-metric space for s>1 and CB(M):={K:

K is a non-empty bounded and closed subset of M}. Leth € M and for P,R,Q €
CB(M) define

Dy(h,R) = inf{Sy(h,h,r) : r € R}, (1)

N(e,P,R) = {h € M: Dy(h,P)<c and Dy(h,R)<e}, )
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L={e>0: PCN(¢,R,Q), RCN(e,P,Q), and Q C N(¢,P,R)}, (3)

Hy(P,0Q,R) = max { max{supD;7 (p,R), supDy(p, O) } , maX{supr (7, P), supDy (7, O) },
peP

pep FeR 7EeR
max < supDy(q, P), supDy(g, R) .
qe0 q€0

4)

The following lemma proves that the set of all bounded and closed subsets of any
non-empty set M is a S, metric space.

Lemma 1 Assume (M,Sy,s) is a Sy-metric space, Hy, : (CB(M))? — [0, 00) be a
function defined in (4), then for some k € R with k> 1, H, be a Sp-metric on
CB(M), i.e.,, (CB(M),Hy, k) is a Sp-metric space.

Proof To prove that Hy is a S,-metric space, for every P,R,Q,M € CB(M), it
needs to satisfy the following two conditions:

(@) Hy(P,R,Q)=0iff P=R=0,

(b) Hb(P7R7 Q) S k{Hb(P7P7M) + Hb(RaRaM) + Hb(Q? Q?M)}

Proof of (a). Let P =R = Q, then H,(P,R,Q) = 0 because every p € P satisfies
Dy(p,R) =0 and D,(p, Q) = 0. Conversely, suppose H(P,R, Q) = 0, then from
(4) we have

Dy(p,R) =0 and

=P CR and (5)

By a similar argument, we obtain that
R CPand (6)
Q C P and (7)

Hence, from (5), (6), and (7) we conclude that P = R = Q.
Proof of (b). Since Dy(h,R) = in£{Sb(h, h,r)} by (1) and (M, Sp, s) is a S,-metric
re

space. Therefore, for every a € M, ¥ € R and p € P, we have
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Sb(ﬁaﬁ? F) SS{Sb@7ﬁ) a) + Sb(ﬁaﬁ’ a) =+ Sb(fv fa (1)}
=infS)(5,5,7) < {255, 5, 7) + nfSy(7. 7, )}
re re
= Dy(p. R) <{2)(p.p.7) + 2infSy (7. F. )}
re
ij(ﬁaR S ZS{Sb(ﬁ7ﬁ7 a) + Db(va)}
=Dy(p,R) <25{S,(p,p,a) + Hy(R,R,M)} by (4) (8)
=Dy(p,R) < 2S{in£Sb(ﬁ,ﬁ, a) + Hy(R,R,M)}
ac

~—  — — —

=Dy (p, R) < 25{Dy(p, A) + Hy(R,R, M)}
=Dy(p,R) <2s{Hy(P,P,M) + Hy(R,R,M)} by (4)

=supDy(p, R) <2s{Hy(P,P,M) + Hy(R,R,M)} sincep is arbitrary.
peP

By applying an analogous argument, we can prove that

gulng(ﬁ, Q) <2s{Hy(P,P,M) + Hy(Q,0,M)}. (9)
pe
By using (8) and (9), we obtain

max{supr(ﬁ,R), Supr(ﬁv Q)} < max{2s{Hb(P, PvM) + Hb(R%RvM)jﬂ
peEP peEP

2s{H,(P,P, M) + H,(0,0,M)}}
<25{H,(P,P,M) + Hy(R,R, M)}
+ 2s{H,(P,P,M) + Hy(Q, 0, M)} (10)
§4S{H[,(P,P,M) +Hb(R~,R7M) +HI7(Q7 QvM)}v
ie., max{supr(ﬁ,R),supr(ﬁ, Q)} S4S{Hb(P¢P7M) +Hb(R~R7M)
peEP peEP

+Hb(Q7 Q7M)}

Similarly, we can show that

rnax{supr(f7 P), supDy(7, Q)} <4s{Hp(P,P,M) + Hy(R,R,M)
FeR

FER (11)
+ Hy(0,0,M)}
and , max{supD;,(cj,P), supr(c],R)} <4s{H,(P,P,M) + Hy(R,R,M)
jeo je0 (12)
+ Hy(Q, 0, M)}.
Thus, the inequalities (4), (10), (11), and (12) completes the proof of (b). Ul

Remark 3 If (M,Ss,s) is a Sp-metric space, then (CB(M), Hp, k) will be a Sp-
metric with k£ = 4s.
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Lemma 2 Consider (M,Sy,s) be a Sp-metric space, then for every
P,R,Q € CB(M), Hy(P,R, Q) defined by (4), is equivalent to Hy(P,R, Q) = infoﬁ.
€>

Proof First assume that Hj,(P, R, Q) is defined by (4), then for all p € P, we have

Db(ﬁ7R)§Hb(P7R7 Q) and Db(ﬁ7R)§Hb(P,R,Q)

=P C N(Hy(P,R,0),R, Q). (13)

Similarly, we have
RC N(Hb(PvRa Q),P, Q) and Q C N(Hb(PaR»Q)vpvR) (14)
Thus, from (13) and (14), we get H,(P,R, Q) € L.

Now for any € € £, we have
A CN(&R,0)
=Dy(p,R)<e and Dy(p,Q)<eforallpeP
=supDy(p,R) <e and supDy(p,Q)<e
pEP peEP (15)
= max{supr(ﬁ,R), supr(ﬁ, Q)} <e.
peP

pep

Also by definition of £ in (3), we have R C N(¢,P,Q) and Q C N(e, P,R) this
implies

max{supr(f7 P), supDy(7, Q)} <e and (16)
eR eR
max Supr(an)a supr(QaR) <e. (17)
geQ geQ

Thus, by using the (15), (16), (17) and H,(P, R, Q) € L, we get Hy(P,R, Q) = inf L.
Conversely, assume Hy(P, R, Q) = inf L, then by (3), we have

Dy(p,R) <e and Dy(p,Q) <e for each p € P and for all e € £
=D, (p,R) < inf L = H,(P,R,Q) and Dy(p,Q) < inf L

:Supr(ﬁ7R)§Hb(PaRvQ> and Sllpr([;,Q)gHb(P,R,Q) (18)
peP peP
= max{supr(ﬁR), supDy (P, Q)} < H,(P,R, Q).
peEP peP
Similarly, we can show
max{supr(F, P), supDy(7, Q)} <H,(P,R,Q) and (19)
FeR FeR
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max Supr(67P)7 Supr(q7R) SHb(P7R7Q) (20)
qeQ geQ

Then, inequalities (18), (19) and (20) together, implies that

max { max{supr(ﬁ, R)7 Supr(ﬁa Q)},max{supr(f, P)a Supr(f7 Q)}7
peP peP

FER FER
(21)
max Supr(éLP)a Supr(q7R) < Hb(Pa R, Q)
q€Q q€0
By (3), it follows that
max § max supD (5, R). supDy(5. 0) {-max{ supDy(7, ), supDi(7:0) .
peP peP FER FER (22)

max{supr(é,P% Supr(‘faR)}} €L.

qeQ geQ

Hence, (21) and (22) together accomplishes the proof of Lemma 2. [

4 Main results

Theorem 3 (Generalization of Nadler s fixed point theorem on Sy-metric space). Let
(M, Sy, s) be a complete metric space and CB(M) be the collection of closed and
bounded subsets of M with metric H, and suppose that T : M — CB(M) be a
continuous set-valued map satisfying the condition,

1
Hy(Th,Th,Tg) <aSy(h,h,g) forall h,g € M and o€ {O’E)' (23)

Then, T has a fixed point in M.

Proof Consider iy € M and choose & € Thy. Since Thy, Thy € CB(M), there-
fore by Lemma 2 there exists 4, € Th; such that

Sb(h],h1,h2) SHb(zho, zho, Zhl) + o,

24
=8p(h1, hi,y hy) < aSp(ho, ho, b)) + o by (23). (24)

In the same way, there exists i3 € Thy, such that
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Sb(hz,hz,hj,)g (Ihl,‘lhl,‘lhz)—koc
S S (l’lhhl,hz) +OC
< a[aSy (ho, ho, hy) + o] + o by (24)
=Sy (ha, hy, h3) < o2Sy(ho, ho, hy) + 202
Ongoing in this fashion, we get a sequence {A;};,.ny C M such that 4;; € Th; and
Sb(h,', h;, h,’+1) < Hb(‘IhH, Thi_1, Zh,) + o for all i>1.
Since

Sp(hiy hiy hiy) < Hp(Thioy, Thioy, Th) + o
ocS;,(hi_1 5 hi—lahi) + O(i
o Hy(Thi o, Thi 2, Thi 1) + o' + o
Hy(Thi o, Thi o, Thi 1) + 20 (25)

o0?Sp(hia, hiay hioy) + 20

ININ A

IN

:>Sb(h,'7 h;, hi+1) < OCiSb(h(), ho, hl) + o’ for all i € N.
Therefore, for m > n, we deduce that

Sb(hn, Dy, o ) <S[2S},(h,,, hy hn+1) + S},(hn+1,hn+1, )} (by Remark 3)
<288y (huy by hnr) + S[S[28p(Bugers st Bng2) + Sp(Buga + husa + hi)]]
= 258y (hny By Bys1) + 257Sp (a1, Byt i) + $2Sp(Bu2, By i)

<258y (My By Bur) + -+ + 28" Sy (Bt on—1, i)
gz[s{oc”Sb(ho,ho,hl) + not"y + 218y (ho, o, ) + (n + 1)1}
e S, (g, By ) + (m — 1)am*1}}

= 2{{&1" o s YS, (hoy Boy i) + {sno 4 52 (n + 1)o !
s — 1]

= 2(5‘0{")(1 — (Sm)minil)sb(ho,ho,hl) +so¢"{n + (n + 1)SO{

+

1—sa
+ot (i (m—n—1)) ()"}
2s0(1 — m—n—1 m—n—1
= %Sh(ho,ho Z: n-‘rl SO
This implies that
2san(l _ (Sa)mfnfl) nm n—1
St (B s o) < . Sp(ho, ho, ) + 0" > (n+i)( (26)

i=1

From the inequality (26), it follows that {4;} is a Cauchy sequence. As (M, S,,s) is
complete, {#;} converges to a point & € M. Therefore, the sequence {ZTh;}
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converges to T4 and, since &; € Th;_; for all i, it follows that 42 € Th. This estab-
lishes the theorem. [J

Example 1 Let M =R with S,(h,u,w) = s{|h —w| + |u — w|} for some s € R
with s >1 and T : M — CB(M) such that

h  3h
- = >
Th = {245"24_?4_1}7 h20
{0}, h<O0.

Observe that
1
Hy(Th,Th,Tu) < 4—Sb(h,h,u) for every h,u € M
s

and T is continuous. Hence, T satisfies all the constrains of Theorem 3, therefore T

has a fixed point in M. More precisely the set of all fixed points of T is [O, 21:‘53].

Theorem 4 Consider (M, Sy,s) be a complete Sy-metric space. Define a strictly

decreasing function 1 : [0,1) — (515, 5]

1

”I(”):m,

and let T: M — CB(M) be a mapping. Assume that there exists some 7 € [0, 1)
such that

n(r)Dy(h, Th) < Sp(h, h,t) implies H,(Th, Th, Tt) <rSp(h,h,t) for all h,t € M.
(27)
Then, there exists z € M such that z € Tz.

Proof Take a real number »; with 0 <r; <r<1. Then, for each u = uy € M and
u; € ITu, we have

n(r) Dy (u, Tue) < n(r)Sp(u, u, uy) < Sp(u,u,ur)
=Dy (u1, Tuy) < Hp(Tu, Tu, Tuy) <rSp(u,u,ur) <r1Sp(u,u,ur) by (27).

Therefore, there exists uy € Tuy such that Sp(uy, ur,uz) <riSp(u,u,ur). Thus, we
get a sequence {u,} such that u, € Tu,_; and

Sb(unflaunflaun) S FISb(uanauan; unfl) S e S r?ilsb(uvu7ul)~ (28)

Therefore, for m > n, we have
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Sh(un-, Uy, um) S S[ZSb<um Up, urH»l) + Sb(”n+1 s Ui, um)] (by Remark 3)
S 25Sb(um Up, un+l) + S[S[zsb(u)1+l s Unt1, un+2) + Sh (un+2 + Up42 + um)”

= 2S\S‘h (um Up, un+l) + 2S2Sb (un+l s Unt1, u)H»Z) + SzSh(u)H»Z-, Un42, um)

< 25Sb(un7 Up, un+1) 4+ 2sminsb(um—l sUnm—1, um)

<2578y (uy uy uy) A 2827 Sy (1 10y) - -+ 28" Sy (uy uy uy) by (28)
=251+ s+ (s71)2 4 - 4 (571)"™ ") (uty 1, 11

_ 2sri(1 = (sr)™™")

= ——————L8y(u,u,uy).
1 —sry b, u,11)

This implies

< 2sr (1 = (sr)™™")

Sp (U Uny ) < Sp(uy uyuy). (29)

1 —sr

From (29), it follows that {u,} is a Cauchy sequence. Since M is a complete Sj-
metric space, {u,} converges to some point z € M.
We next show that

Dy(z,Th) <rSp(z,z,h) for each h € M/{z}.
Since u,, — z, there exists k£ € N such that

1

S nsy %ny Si
st 2) € 555729

Sp(hyh,z) foralln € N and n>k. (30)

Then, we have

'I(V)Db(um IZ’tn) S Db(um EI:un) S Sb(um Up, un+1)
< S[zsb(”m Up, Z) + Sb(un+1 s Un+l, Z)]
<

2S[Sb(ul77 Mn,Z) + Sb(ul’l-‘rl s Up1 ,Z)]

4s
<
< it 2 S0oh2) by GO)
1 1
= ng(h,h,z) — 72S(1 ) Sp(h,h,z)

1
< 2—Sb(h,h,2) - Sb(”nv”mz) by (30)
A

< Sp(tty, up, h)
:>’1(r)Db(unv zMn) < Sh(un, Uy, h)

Therefore, by assumption it follows that Hp(Tu,, Tu,, Th) <rSp(u,, u,, h). This
implies that Dy (1,41, Th) <rSp(uy, uy, h) for n € N with n > k. Letting n — oo, we
obtain

Dy(z,Th) <rSp(z,z,h) for every h € M /{z}. (31)

We next prove that
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Hy(Th,Th,Tz) <rSy(h, h,z) for every h € M.
If 1 = z, then it holds obviously. Therefore, consider 4 # z. Then, for every n € N,
there exists y, € Th such that
1
Si(z,2,yn) < Dp(z,Th) —&—ESb(h,h,z). (32)
We have

Dy(h, Th) < Sp(h, h,y,)
<s[28p(h, h,z) + Sp(z,2,yn)]

<258y (h, 1, 2) + 5Dy (z, Th) + -8, (1, b, 2) by (30)
n
1
<2sSy(h,h,z) + srSp(h, h,z) —|——Sb(h,h,z) by (30)
=Dp(h,Th) < <2s +sr+ >Sb(h h,z) for each n € N

and  hence (2 ) Db(h Th) <Sp(h, h,z). From  (27), we  have
Hy(Th, Th,Th) <rSp(h,h,z).
Since

Dp(z,3z) = hm Db(un+[ ,3z) < lim Hp(Tuy, Tu,, Tz) < lim 7Sy (uy, uy,z) =0

n—oQ n—oQ

and Tz € CB(M), we obtain z € Tz. This completes the proof. O

Example 2 Let M = R such that S, (4, u, w) = s{|h — w| + |u — w|}, for s € R and
s> 1, be a Sp-metric on M. Consider T : M — CB(M) be a set-valued map defined
on M such that

h—1_ 3h-1)
Th= 48s " 48s
{0}, h<O.

+2|, h>0

Then, observe that for all #,u € M, H,(Th,Th, Tu) < éSb(h, h,u). Hence, it sat-
isfies the condition of Theorem 4. Therefore, T has a fixed point. Actually the set of

all fixed points of T'is [0,5%+3].

Remark Notice that using Theorem 4 there exists » € [O,%) such that,
Hy(Th,Th,Tt) <rSp(h,h,t) for all h,t € M

which implies that T has a fixed point in M. This shows Theorem 3 is a general-
ization of Theorem 4.
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5 Conclusion and future scopes

We have developed the initial theory for set-valued Sp-metric space. We have
generalized the Hausdorff metric for S, metric space to obtain a fixed point of a set-
valued operator. In this article, we have used the generalization of the Banach
contraction mapping principle in the domain of set-valued settings. In Sect. 2, we
have defined the Hausdorff metric in S, metric space and proved that
(CB(M), Hp, k) is a Sp-metric space.

We have proved two fixed point results in Sect. 3. The first one is Theorem 3, the
fixed point results for the set-valued map in the framework of S, metric space, which
generalizes the famous Nadler’s fixed point result [17] for the set-valued map in the
metric space. The second one is Theorem 4, which is the generalization of the
theorem in article [11] in the setting of S, metric space from the metric space.

In the future, we may try to develop the generalized Hausdorff metric space
defined in this paper and generalize the well-known fixed point results for the case of
S metric space. Furthermore, it will be interesting to see if one can try to generate
fractals using the Theorem 3 and the iterated function system and Hutchinson
mapping in the following way:

Let Fy,F,...,Fy: M — CB(M) be set-valued operators. The system F =
(Fy,F,,...,Fy) is called an iterated function system if F' = (Fy,F, ..., F,) is such
that F; : M — K(M), i € {1,2,...,m} are continuous, (where k(M) denotes the
set of all compact subset of M) then the Hutchinson operator 7 is defined as

Tr(X) =U", Fi(X), foreach X € K(M).

A nonempty compact subset 4* C X is said to be a fractal generated by iterated
function system F = (Fy,F5,...,F,) if and only if it is a fixed point of T, i.e.
Tr(A*) = A*. For more details on fractal and set-valued fractals, we refer
[3,5,9, 13, 18, 31]. Further, it has been noticed that results in Sp-metric spaces could
be applied to problems that are inaccessible to applications based on results that are
their metric space counterparts. This is also supposed to be true for the fixed point
theorems proved in S, metric spaces. The above is supposed to form a basis for our
future work.
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