Chapter 3

Quasi-Projective synchronization
of non-identical time-varying

delayed quaternion-valued neural
networks with interaction terms:

Direct method

3.1 Introduction

This chapter is concerned with the quasi-projective synchronization (QPS) of non-
identical QVNNs with time-varying delays and interaction terms. Because of pa-
rameter mismatches between the drive and response systems, complete projective
synchronization is not possible. The direct method is used to derive several general

criteria to achieve QPS. The Lyapunov stability theory is employed to estimate the
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error bound. The numerical simulation results are presented graphically for various
special cases to demonstrate the synchronization of time-varying delayed (QVNNs
with mismatched parameters and interaction terms, which confirm the efficiency
of our presented research results. The second example showcases the application
of QVNNSs coupled with associative memory to illustrate its efficacy in accurately

restoring original color image patterns.

3.2 Model description and preliminaries
The drive system for QVNN model is defined as

ép(t) = — apeg(t) + Y boofolea(t)) + D doogalea(t = 10(t))) + 21 woghe(E(t))

o=1

+ 1y (t), (3.1)
which can be written in the matrix form as
é(t) = —Ae(t) + Bf(e(t)) + Dg(e(t — 1o(t))) + 1 Wh(E(t)) + R(t),

where €(t) = (e1(t),ea(t), ..., e,())T € Q" is the state vector of the neuron at
time ¢, A = diag(ay,as,...,a,) € R™" with ay > 0 denotes the self-feedback con-
nection matrix, B = (bys)nxn, D = (dyo)nxn € Q™" are the connection weight
matrix, W = (wyy)nxn 18 the interaction structures and x; is the outer interac-
tion strength, with and without time varying delays activation functions are rep-
resented by f(e(t)) = (fi(e(t)), f2(e(t)), ..., fu(e(t)))" € Q" g(e(t)) = (ga(e(t —
70(t))), g2(e(t — 70(t))), ..., gnle(t — To(t))))T € Q", respectively, and h(é(t)) =
(h1(€(t)), ha(€(t)), ..., h,(€(t)))T € Q is interaction function. R(t) = (ri(t),r2(t),

.., ma(t))T € Q" is the external input vector.
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The response system for QVNN model is defined as

€9(t) = — a,yéy(t) +Zb o (En(t +Zd%ga Eo(t —7o(t))) + 21 Y wh,ho(e
o=1

+ 75 (t) + 1y(t), (3.2)
and in the matrix form as
ét) = —A'&(t) + B'f(&(t)) + D'g(é(t — 1o(t))) + 2. W'h(e(t)) + R'(t) + L(t),

where €(t) = (&1(t),é(t),...,é,(t))T € Qv is the state vector of the neuron at
time t, A" = diag(a,d},...,a,) € R¥*“ with a}, > 0 denotes the self-feedback
connection matrix, B’ = (b, )uxw, D' = (dj,)wxw € QW*“ are the connection
weight matrix, W' = (W), )uxw € Q¥*¥ is the interaction structures and z; is the
outer interaction strength, the activation functions are represented by f(é(t)) =
(f1(€(t)), fo(€(t)), .., fu(€(t))" € Q¥, and  g(&(t)) = (g1(E(t — 7o(t))), g2(€(t —
70(t))), .-+, gu(€(t — 10(t))))T € Q¥ with and without time-varying delays, respec-
tively, and h(e(t)) = (hi(e(t)), ha(e(t)), ..., ho(e(t)))T € Q¥ is interaction function.
R(t) = (44(£), 75(8), ... 72, (4))7

€ Q¥ is the external input vector, L(t) is the control vector.

Remark 3.2.1. The QVNN model with time-varying delay and interaction terms
presents numerous advantages. This model offers a potent combination of represen-
tation power, adaptability to temporal dynamics, improved capturing of interactions,
and potential efficiency gains, making it a compelling choice for various applications.
QVNNSs can capture more complex relationships than traditional RVNNs. By lever-
aging quaternion algebra, the model can represent multi-dimensional data with fewer
parameters, potentially leading to more efficient and effective learning. Incorporat-

ing time-varying delays allows the model to adapt to dynamic temporal patterns in
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the data. This capability is crucial for applications where the relationships between
variables evolve, such as in time series forecasting or dynamical system modeling.
Including interaction terms it is enabled the model to capture dependencies and
interactions between different variables accurately. This enhances the model’s abil-
ity to capture complex relationships and patterns in the data, leading to improve
predictive performance. Despite the increased complexity of the model due to its
quaternion nature and inclusion of time-varying delay and interaction terms, it may
still require fewer parameters as compared to the alternative approaches. This can
reduce computational overhead and memory requirements, making the model more

scalable and practical for real-world applications.

Assumption 3.2.1. Assume that there are positive definite constants k., p, and J,

for any €, € € Q such that the f,(.), g,(.), ho(.) € Q satisfy the following conditions:

|fo(€) = fo(€)] < Kole — €.
|ga(€) - ga(€)| S pa|€ - €|

|h0(€) - ha(g)| S 50|6 - €|

Assumption 3.2.2. There exist positive real numbers oy, 5,,7, for any € € Q s.t.

|fo(€)] < ao, |9o(e)] < Bos |ho(€)] < 7o

Assumption 3.2.3. 1p(t) > 0 is a differential function with 0 < 75(t) < 7 and

To(t) < & < 1, Vt, where 7 and & are constants.

Lemma 3.2.1. [89] Assume that Z(t) : [to — p,00) — [0,00) is the continuous

function that satisfies the following inequality:

~

Z(t) < = Z(t) + 2 Z(t — 1o(t)) + C, ort > to,
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where §; >, > 0, C > 0, 7o(t) < &, then Z(t) < sup (Z(e))e X' + %, where
—£<e<0

x > 0 is the unique solution of §j; — F,eX¢ — x = 0.

Lemma 3.2.2. [91] The following inequality holds for any pair of quaternion vectors

v, 7 € Q", a constant s > 0, and positive definite Hermitian matrix M € Q"*™:
Vo4 0y < sv*Mv + s\ M.
Lemma 3.2.3. [91] For any €, € € Q the following inequality holds.

(e+€)"(e+ €) < 2€"e + 2€"¢.

3.3 Main results

Assume that the synchronization error between the systems (3.1) and (3.2) is defined
as Ey(t) = éy(t) — Aey(t), where X is a projective coefficient. By using the error
function formulation and using the equations (3.1) and (3.2), we can determine the

error system as

By(t) = — dyég(t) + > Uy folén(t) + Z diyy o (B0 (6 — To(t))) + 71 > )y,
% ho(€q(t)) + 7 (t) + Lo(t) — /\< — ageg(t) + Z boo fo(€o(t))
+Zd190g0<60(t — 7'() +xlzwﬁo o +T‘19(t)>

= — ayéy(t) + Aage(t) + Z byg fo(€5(£)) — A Z bio fo(€s(£)) + D dy,

X o (€ (t = T0(£))) =AY duoGol(eo(t — 70(t))) + 21 Y whyhole

o=1
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— AT Y Wooho(E5(8)) + 1(t) — Arg(t) + Ly(t)
= — a,Ey(t) + Magey(t) + Z Vo fr (Ey(t)) + Z &y, g (Ey(t — 79(t)))

_/\xlzwﬁa o +Zb fcr )\60 )\Zbﬂafa 60 +Zd

X go(Neo(t — 7o(t))) — A Z dgogo(€x(t — 1o(t))) + 1 Z why e (65 (t))

o=1

— A1y Z Wooho (Mo () + 175 (6) — Arg(t) + Ly (t), (3.3)

where Aay = ay — ay, fo(Es(t)) = fo(&(t)) — fo(Aer(t)), 9o (Eo(t — T0(t))) =
9o (€5 (t — 70(t))) — 9o (Aea(t — 70(t))), ho(Eo(t)) = ho(és(t)) — ho(Aes(t)).
Theorem 3.3.1. Let us suppose Assumptions (2.2.1)-(2.2.2) hold, and if there exist

positive constants 91, Y2, Mgy, Nyo, 09, SUch that

n

T, zz(aﬁ/%ﬁ)—z( () + 2mgokd + ngtdy, ()" — Ae103 wes (wee)*

o=1

- 2)\$10019519 + m;; (b290) Jo + nﬁ 1bﬁabl90 + ﬁ%;;( ;90) Jo + ,019 1d190d790

S—1g,,0 N\x,, ./ S A—1 ~—1 ~
11 (W, ) Wy + 215 05,000 ) = 65 = 65" — G > 0,

Ty = Z 2ng9 05 — Ja < 0,

o=1

and ?]1 — gg > O, (34)
and the controller is proportional to the error state Ey(t) is defined as

lﬂ(t) = — ]%ﬁEﬂ(t) - )\Aaﬂeﬂ(t), (35)
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then QVNNSs (3.1) and (3.2) are QPS. Moreover, QVNNSs (3.1) and (3.2) are globally

exponentially converge to the region

B = {E(t) cQ: |EWI < %} (3.6)

where C' = Zgzl Zzzl <(m190 + TAng)\2)Oé(27 -+ (a'ﬂo' + @190)\2)63 + x4 (gﬁg + 5190>\2)’)/§> +
Doy <0§rﬂ( () + A2 D05, 6w§§(t)m(t)>, and y is the unique solution of ; —
o X — x = 0.

Proof. Consider the Lyapunov functional as
t) = > Ej(t)Ey(t). (3.7)
B=1

Calculating the derivative of (3.7) and using controller given in (3.5), we get

ﬂiE:;(t){ Byt +Zb +Zdﬁgga (t—7o(t)))
—)\xlzwﬁg - )) + Magey(t +Zb fr(Nen(t AZ%
X fo(€s(t) +z:1dqagga Ao (t —To(t))) — AZ:ldaoga(ea(t — 7o(t)))
+x1iwgghg( Axlzwﬁo (Mo (t)) + 7y (t) —)\m(t)+lﬂ(t)}
:—2; Ay + ko) EE(6) Byt +22Eﬂ {Zb;UfU(EU(t)Hzn:d;%
1

X o (Ey(t — 7o(t))) — Az Zw%ha )+ Z Vs fo( Mo (t

- AZ bq?ofa 60' + Zdﬁgga )\60' t— 7—O ))) - )\Zdﬁaga(ea(t
o=1
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—10(t))) + 11 Z Wyoho (€5(t)) — Ay Z Wyoho (Nes (t)) + 15(t) — )\Tﬁ(t)}

_—ZZaﬂ—l—kﬁ E35(t) Byt +szﬁ E5(t)Ey(t)

v=1 v=1 o=1
+ ZZmﬁaf +ZZn;;d E;(6)Ey(t)
=1 o0=1 =1 o0=1
+ Z Z Moo Gy (Ee(t — 10(t)))gs(Eo(t — 70(t))) — A7y Z Z OE;IU@J(IU@U)*
¥=1 o=1 ¥=1 o=1
X E5(t)Ey(t) — Axy Zzoﬁgh* )+ QZZEﬁ (t)b,,
¥=1 o=1 v=1 o=1
X fr(Nes(t —QAZZEﬂ Vboo fr (€0 (6 +QZZE19 )y g (Mo (t
v=1 o=1 v=1 o=1
—70(t))) = 20) 0D Ej(t)doega(eo(t — To(t))) + 221 Y > Ej(t)w),
9=1 o=1 v=1 o=1
X hy(€5(t)) — 2A\x4 iiE{;(t)w% ho(Xex (1)) + 2ZE19
v=1 o=1

—2) i E5(t)rg(t). (3.8)

The following inequality can be derived from Assumption 3.2.1 and Lemma 3.2.1 as

Fo(Bo(6)) fo(Eo(t)) < 265 By (8) B, (t)
95 (Ea(t = 70(t))) g0 (Ex(t — 70(t))) < 207 E;(t — 70(t)) Eo (t — 7o(t))

h (B (t))ha(Eq(t)) < 2055 (t) Eo(t). (3.9)

Furthermore, from Assumption 3.2.2, and by Lemma 3.2.2 if there exist real con-
stants Mmy,, 'ﬁ/ﬁo—’ﬂﬂa"f]ﬁa—,gﬁg7j§o—, 09,09 > 0, then one can deduce the following in-

equality as

n n

23" ST B ()b, fo (Mot —%ZZEﬂ Vboa fa(€a (t))

¥=1 o=1 ¥=1 o=1
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< ZZ 5 (V) by 5 (6) Eg(t) + Z Zmﬁaf (Ao (1)) fo(Aeq(t))
v=1 o=1 ¥=1 o=1
+ ZZnﬁlb%bﬁaEﬁ + ZznﬁaA f 60 fU(GU( )) S
¥=1 o=1 ¥=1 o=1 ¥=1 o=1

(A (0 Y b;’;(,bﬁ(,>Eﬂ +ZZ (mﬁﬁnﬂo )(aa) - (3.10)

v=1 o=1

Similarly,

2 Z Z E;(t)di%gU()‘ea(t - TO<t))) =2 Z Z E:;(t)dﬁaga(ea(t - TO(t)))

v=1 o=1 I=1 o=1
< Z Z ( d:90 d%o + Uy ldﬁadﬁ(f)E;; )E’&(t) + Z Z <7l19(r + @190>\2> (Bo)z
9=1 o=1 9=1 o=1
21, Z E5(t)w)y, he (e, () — 2X21 Z Z Ej(t)wyehs(Nes (t)) < a4 Z Z <2190
o=1 ¥=1 o=1 9=1 o=1

X (W) Wy + it wiewas ) ES(®)Ea(t) + 21 3 D (o +Jusd?) ()% (311)

v=1 o=1

and

2) Ej(t)ry(t) —2X ) Ej(t)ra(t) <Y (65" + 5, )E5(6)Eg(t) + ) o1y (£)rj(t)

53
i
N

+ \? Zn: 091 (t)r(t). (3.12)

Putting the inequalities (3.9)-(3.12) in the inequality (3.8), and applying the result
(7.3.2), we obtain

n n

Z(t) —zzawkﬁ VE3 () Eg(t) + > Y myitly, (by,) B (t) Es(t)
v=1 v=1 o=1

+2iimﬂa’f§ +ZZn§1d' (dy, ) E5(t)Ey(t)

¥=1 o=1 9=1 o=1
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+2) 0 e Bt — 1o(t) Bo(t — 7o(t) = Az1 Y > optwse(wos)”

v=1 o=1 Y=1 o=1
n

X E3(t) Ey(t) — 22 22%5215* ) + Z (1732 ) B

¥=1 o=1 v=1 o=1

g bhbos ) i (6) Eo(t) + Z Z (#1200 + 7100A?) ()2 + Z Z (@5

9=1 o=1 9=1 o=1

X () i + 050 ) B3 (0) Eo(t) + D0 (it0s + 0a0A?) (65)?

¥=1 o=1

n n n n
1 3 (T Who) Who + Tt wa0 ) B30V Ea(t) + 21> D (i

¥=1 o=1 v=1 o=1

o) () + D205+ 5 Ea6) Ealt) + D durli (£)r1(6)

=1

+ A2 " Gaory(b)ry(t)
v=1

<Z<—2a19+k’19 —1—2( +2m0'19"<'19+n190 i%( ;90)*

— AZ10yy Wy (Woo )" — 2A2105905 + 11yr (Ve ) Uiy + 1yt b,byo

~—1¢ g/
+ uﬁa( 190') 190' + vﬁcf dﬂodﬁo' + xlzﬁo (wﬁa) wﬁa + 331]190 wﬁawﬁo')

05"+ 55"+ ) Es(4) j{jzhzzg )Eo(t 4—}{) (j{j2nvﬂpﬂ i) Byt

n n

(DBt~ n©) + 3 RESE — mO)Eoft — () + 33 (G0

¥=1 ¥=1 o=1

3

+ ﬁﬂg)\z)ai + (aﬁo + 75790')\2)63; + X1 (%190 + 5190/\2>7c2r> + (679717/9*(t)7’.;9(t)

A2 Guri(E)ra(t))

~

— 1 Z(t) + 5o Z(t — 1o(t)) + C.

Since 7, — 72 > 0, it follows from Lemma 3.2.1,

206 < sup (Z()E + <,
—£<s<0 X

(3.13)



Chapter 3. Quasi-Projective synchronization of quaternion-valued neural
networks... ]7

where y > 0 is the unique solution of 7; — 9, EX¢ — y = 0, which implies

C
IE@)|* < sup (Z(e)E™ + —.
~£<s<0 X

Therefore error E(t) converges exponentially to the region

5= {pw:1E0r <<},

Therefore, using Definition 2.1, it is simple to determine the QPS between QVNNs
(3.2) and (3.1). O

Remark 3.3.1. In particular, if we assume A\ = 1 for QS, then the synchronization
error between (3.1) and (3.2) is Ey(t) = éy(t) — ey(t). Now we get the error system

as

Eoft) == ahfa(t) + 3 0o foléo(t) + 32 dipanléa(t — m(0) + 3l

o=1

X ho(es(t)) + 7/5(t) + Ly(t) — (— ageg(t) + Zb%fg eo(t)) + Zd%
X go(ea(t — To(t))) + 71 Zw%ha(éo(t)) +79(t))

— — a,yEy(t) +Zb +Zdﬁaga o (t — 7o( )))—mlzw%

X he(E,(t)) + Aages(t) + Z Abygo fo(€5(t)) + Z Adyogo(€s(t — T0(t)))

o=1

+ 11 i Awgohy (€5 () 4+ rly(t) — ro(t) + Ly(t), (3.14)

where Aay = ay — ay, [o(Es(t) = f5(€5(t)) — [o(€s(t)), 9o (B (t —T0(t))) = g0 (€5 (t —
T0(t))) = 9o (€5 (t—=T0(t))), ho (Es(t)) = ha(x(t))—ho(es(t)), Abss = by, —byo, Adys =

/ 1
dﬁg — dﬁg, Awﬁg = Wy, — Wye-
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Corollary 3.3.1. Under Assumptions 3.2.1-3.2.2, if there exist positive constants

T, T2, Ml Nk, 0fy such that

Ty =2(ay + ks) =) (m@lb«bg(b&g)* + 2mipg iy + 0y dyy (dyy)* — 2105, oo (W)

o=1
— 2010903 + 11 (Abyg) Abys + 105 (Adgo)* Adys + 11 (Atws) Ay,
— oyt =kt —m >0,
T) = Z 20 gp5 — oy < 0,
o=1

and m; — 7wy > 0, (3.15)

under the controller

lo(t) = — kyEy(t) — Aagey(t), (3.16)

then QVNNs (3.1) and (3.2) are QS. Moreover, QVNNs (3.1) and (3.2) are globally

exponential converge to the region

H:{Eme@wummﬁs%}, (3.17)

where C' = 320y S0y (0003 + iao 83 + 2110073 ) + Xy (305 (075 (2)

+ %ﬁ(t)w(t)), and y is the unique solution of m — m EX° — y = 0.

Proof. Consider the Lyapunov functional as

Z(t) = i E5(t)Ey(t). (3.18)



Chapter 3. Quasi-Projective synchronization of quaternion-valued neural
networks... 89

Calculating the derivative of (3.18) and from equations (3.14) and (3.16), we get

ZQZE;;(t { —dyBatt +Zb:9(,fa o +Zdﬂgga o(t = 0(t)))

— I Z wﬁa a ‘I' Aaﬂeﬁ + Z Abﬁafa 60’ "’ Z Adﬁaga Ea(t

o=1

— 7o(8))) + a1 Z Awyohy(5(8)) + Th(8) = ra(t) + 1o(t) |

=—2 Z a,ﬂ + k,g)Eﬁ( )Eﬁ + 2E19 { Z bi?gfa O' + Z dﬂaga

9=1

- TO(t))) — I Z wﬂohcr + Z Abﬂcrfa Ea + Z Adﬂagcf 6cr(t

o=1

—7o(t +xlew00 o(t)) +ry(t) —m(t)}

< —22 dy + ko) ES () Ey(t +sz; L (B, ) ES(6) Ey (1)

=1 v=1 o=1
YD o fi(Ea(0)) fo(Eo(t) + D Y ny, dy, (V)" E5(t) Es(t)
¥=1 o=1 ¥=1 o=1
+ Z Z W09 (Eo(t = 70(£)))go (B (t = 70(6)))1 Y > 0y wio (wie)”
x Ej(t)E —xlzzoﬁg hol(Eo(£)) +2 30 3 Fy(6) Aby,

X f(€x(t)) +2 Z Z Ej(6)Adgegs (Ao (t — 70(t))) + 221 > E5(t) Awy,

¥=1 o=1 o=1

£)) +23 Ej(t)r)(t) - QZE;;(t)r,g(t)}. (3.19)
¥=1 ¥=1
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By Assumptions 3.2.2-3.2.3 and Lemmas 3.2.2-3.2.3 and for real constants my,, s, thyo,

vy, ko > 0, we can deduce the following inequality

QZZEﬂ )Abyo fr(Ney (t <sz (Abgy)* Abgo 25(t) Ey(t)

v=1 o=1 9=1 o=1

+ Moo (ag)?. (3.20)

Similarly,

23" B3 () (et = o(8)) € 3030 772 ()" A (1) Ey()

9=1 o=1 9=1 o=1
+ ﬁﬁa (50)2
v=1 o=1
211 ) Ej(t)uwh,he(ea(t)) < a1 Y > iy (Awpe)* Awg, Ej(t)Ey(t)
o=1 9=1 o=1

v=1 o=1
and
2> Ej(t)r(t) =2 Ep(t)ra(t) < (05" + ky B (6)Eg(t) + > vy (6)r)(t)
9=1 I=1 9=1 9=1
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Based on relations (3.9) and putting the equations (3.20)-(3.22) in the equation

(3.19), and applying the result (3.15), we obtain

Z(t) —2Zaﬁ+kﬂ>Eﬁ )Ey(t +ZZ Ml bl (V) By (6) By (t)
I=1

921 o=1
—l-QZZm%fi EX(t +Zzn; Y, (dy,) E(t) Ey(t)
9=t o= 9=1 o1
+2 ; Zl D2 B (t — 10(t)) By (t — 70(t)) — 23 i il 0 gy (Wgo)*
X E5(t) By (t —21;122%5%* +Xn:i 1(Abgy)* Abgy
921 o= =1 o=1
x E3(t) +lelm% a,)? ] Z Y(Adge ) Adge E5(t) Eg(t)
+ﬁzlzln% By) —|—x1;zlu (Awgy)* Awge B (t) By (t)
+xzzu (0) +Z o5+ ) (6 Eo(t) +ﬁiw<tm<t>
p -

- Z kars (t)rg(t)

<D (= 2+ o)+ 3 (g 0l (V)" + 2l + i (d,)* = 1
¥=1 o=1

3

X ogglwﬁa(w%)* — 21’10/019(5129 + m;;(Abgg)*Abﬂg + ’FL;l(Adﬁa)*Adgg

+ 211y, '(Awgy )* Awﬁg) —i—vﬁ + k: —|—7r1>E19 Z:mE19 VEy(t

+Z (Zangp%—m)E:;(t—To( ) Ey(t — 7o(t Zﬂ'gEﬂ t — 7o(t))

X Ey(t —7o(t)) + Z (mﬂaaﬂ + Tigo 55 + wl%%%) + Z <U197”19
=1 o=1

+ %aTE(t)Tﬂ(t))

< —mZ(t) + mZ(t — 1o(t)) + C". (3.23)
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Since m; — my > 0, it follows from Lemma 3.2.1 that

R '
Z(t) < sup (Z(e))E™X + —,
—£<5<0 X

where y > 0 is the unique solution of 7 — T EX¢ — y = 0, which implies

O/
IE@)|* < sup (Z()E™ + —.
—£<s<0 X

Therefore error E(t) converges exponentially to the region

R ECHECEE

As a result, the QS between QVNNSs (3.2) and (3.1) can be simply determined from

Definition 2.1. H

Remark 3.3.2. If two identical systems are taken with A’ = A, B' = B, D' = D,
W'=W, and R = R, and A = 1, the problem becomes complete synchronization
between the systems (3.1) and (3.2). In this case the global exponential synchro-
nization of two identical systems (3.1) and (3.2) will be obtained. Additionally, if

A = 0 then the problem becomes stability of the QVNN system (3.1).

Corollary 3.3.2. Suppose that the Assumptions (3.2.1)-(3.2.2) hold, and if there

exist positive constants my, mo, mly,, nk_, o} such that

n

Tj =2(af + kg) — > (m;j,lbga(bga)* +2ml k2 4 nl i, (d),)”

o=1

/—1 * / 2
— 210y, Wy (Wyy)" — 2:5100.19(519) — 7 >0,

T :ZQn'mgp?g —my <0,

o=1
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under the controller

Lo(t) = — ko Ey(t), (3.24)

then QVNNs (3.1) and (3.2) are global exponentially synchronized.

Remark 3.3.3. Notably, the suggested method may be expanded to function PS
of time-varying delayed QVNNs with mismatched parametric values and interaction
terms if projective constant A is replaced by a function in the study of QPS. If the
projective constant A is replaced by —1, the issue becomes quasi anti-synchronization

of non-identical QVNNs with time-varying delays and interaction terms.

Remark 3.3.4. To guarantee QPS between two different systems (3.1) and (3.2),
with non-identical parameters, a sufficient condition is established via direct method.
Theorem 3.3.1 focuses on the activation functions that cannot be directly divided
into four real-imaginary components. New results on QPS are produced without
decomposition with different assumptions on activation functions and inequality
techniques. The whole work of the present chapter is carried out in the quaternion

domain. Also, the upper bound of the synchronization error is calculated.

Remark 3.3.5. In comparison to RVNNs and CVNNs, the QVNNs have a better
calculation efficacy ([92], [93]) which opens up a wide range of potential real-world
applications like colour night vision, picture compression, and 3-D wind forecast-
ing. Furthermore, the proposed results on QPS are broader in comparison to the
Lyapunov stability of QVNNs explored in earlier works [94] [95] [96]. Unlike some
existing literature that may focus solely on either time-varying delays or interaction
terms, this article comprehensively addresses both aspects. Time-varying delays are
common in many real-world systems and can significantly impact synchronization

dynamics. Likewise, interaction terms capture the complex interplay between NN
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components, which is crucial for understanding and controlling synchronization be-
havior. The factors have been used here are non-identical parameters, interaction
terms, time-varying delay, a controller and projective coefficient, which have helped
us to achieve QPS between systems (3.1) and (3.2). As a result, the present study

advances the earlier studies on QVNNs.

3.4 Simulation examples

In this section, the effectiveness and efficiency of the theoretical findings mentioned
above are validated using FExample 3.4.1. The application of the QVNN model

through retrieving a color image is illustrated in Example 3.4.2.

Example 3.4.1. Let as assume the two-dimensional non-identical time varying de-

layed QVNNs with interaction terms as the drive and response systems as

é(t) = —Ae(t) + Bf(e(t)) + Dg(e(t — 1o(t))) + 21 Wh(E(t)) + R(t), (3.25)
€t) = —A'&(t) + B'f(&(t)) + D'g(eé(t — 1o(t))) + 2. W'h(e(t)) + R'(t) + L(t),
(3.26)

where

24 0 2+1.2i+15j+ 1.3k —1—0.50 —2.37 — 0.2k

) Y

0 15 14 1.7+ 1.4 + 1.6k 0.8+ 0.9 + 0.6] + 0.5k

1-094+21j+1k 2+2 —0.9)+ 1.2k

3—0.9i+05j + 0.6k 0.2—1.1i+2j+ 1.2k
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o 1.3—04i+1j+1k  1+1.2i—1.3j+0.5k
0.2—0.47+0.7j + 1.2k 0.3 —0.9; + 0.45 + 0.8k
31 0 1.94+1.20+ 1.5 + 1.3k —1.2—0.4i — 2.3j — 0.3k
A/ e 5 B/ = J
0 15 14+13i+1.2j+15k 05+0.6i+0.7j + 0.5k
" 1-08i+2j+09k 15+1.2i—05)+ 1k
1.2—0.5i + 0.6 + 0.5k 0.3—0.2i +1.5] + 1k
o 102—0.6i+1.95+0.7k 1.6+ 0.4i — 0.6] + 0.7k
0.5—1.2i+0.7j+ 03k 04—1i+1.2j+0.3k
. 0.2sin(t) 4 0.5c0s(t)i + 1sin(t)] + 0.4cos(t)k
0.4sin(t) + lcos(t)i 4 0.3sin(t)j + 0.6cos(t)k
. leos(t) + 0.2sin(t)i + 0.3cos(t)] + 0.4sin(t)k

0.3cos(t) + 0.5sin(t)i + 0.6cos(t)] + 0.4sin(t)k

and activation functions are f(e(t)) = g(e®(t)) = h(eP(t)) = tanh(eP(t)),
fEPD () = g(EP(t)) = h(EP(t)) = tanh(eP)(t)), where p = R, I, J, K with the
initial conditions €,(0) = 1 — 0.37 — 1.2] + 2.2k, €,(0) = —0.1 4+ 0.2i 4+ 0.35 — 1.2k,
&(0) = 0.9 — 0.5i + 1.1 + 3.2k, &(0) = 0.9 4+ 2.2i + 1.3 + 0.6k, and 79(t) =
0.1sin?(t), £ = 0.1, and interaction strength z; = 0.2. Also, we can calculate the
other parameters k, = p, = 0, = @y = By = V5, 0 = 1,2. The real and imaginary
components of the trajectories of the systems (3.25) and (3.26) for ¥ = 1,2 are
shown in Figures 3.1-3.2.

Case 1. By choosing projective coefficient A = 0.3, and other constants y; = 36,
Jo = 4.5, My = Ngo = 0go = Mo = Ngo = lge = Vo = lge = Joe = 09 = 0y = 1 for
9,0 = 1,2. Now, we can calculate T3 = 1.3938 > 0, T, = 5.2425 > 0, Ty = —0.5 < 0
(¥ = 1,2), also g1 — 92 = 31.5 > 0. Hence, the conditions stated in (7.3.2) hold
under the controllers l4(t) = —31FE;(t) + 2.1¢1(t), lo(t) = —20E1(t) + 0.3€1(t). In
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FIGURE 3.1: Trajectories of real and imaginary components of (3.1) and (3.2) for
v =1

addition, one gets C' = 14.1435 and & = 15.2734. So based on Theorem 3.3.1, the

convergence ball B = {E(t) € Q" : IE(t)]* < 122255 — 0.9260} is obtained, which
is shown in Figure 3.3. As a result, QPS between the systems (3.25) and (3.26) is

accomplished.

Case 2. For QS, let us choose projective coefficient A = 1, and take the other
constants m = 42, mp = 4.6, and m}, = ny, = 0y, = My, = Mgy = Uy = Vy =
kg = 1 (9,0 = 1,2). Now, we can calculate T = 8.686 > 0, Tj = 37.112 >
0, Ty = —06 < 0 (¥ = 1,2), also 43 — ¢2 = 374 > 0. Hence, the condi-
tions stated in (3.15) hold under the controllers I (t) = —2FE;(t) — Tei(t), lo(t) =
—4FE;(t) — 1ey(t). Also we get, C'= 15.1 and £ = 16.9487. Thus, by Corollary 3.3.1,

B={E(t)eQ": |E@®)|* < Taois = 0.8909} is obtained as error bound, which is
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(c) (d)
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FIGURE 3.2: Trajectories of real and imaginary components of (3.1) and (3.2) for
v =2.

0.8
1 b Error bound=0.8909
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Error bound=0.9260
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0 é 1 ‘U 1 ‘5 2‘0 2‘5 36 3‘5 5‘ 1 ‘0 1 ‘5 2‘0 2‘5 3‘0 3‘5 40
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Ficure 3.3: QPS of error system FiGure 3.4: QS of error system
(3.3). (3.14).

depicted in Figure 3.4. Hence, QS between the systems (3.25) and (3.26) is achieved.

Also, Figures 3.5 and 3.6 shows the error system (3.3) with and without interaction
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E'(t)

IBt))*

-05

-0.2

0.4

FIGURE 3.5: The error of drive
(3.25) and response (3.26) systems
with interaction terms.

0.8 -
0.6

0.4

Bl

Ficure 3.7: Plot of synchronization
error for two identical QVINNs.

terms.

E(t)

-05

FIGURE 3.6: The error of drive

(3.25) and response (3.26) systems
without interaction terms.

Ficure 3.8: Original colour image
of pattern “F”.

24 0

Case 3. For Complete synchronization, we take A’ = A = ,

B =B-=

D =D=

0 15

2+1.2i+1.5j+ 1.3k —1—0.50 —2.3j — 0.2k

)

14 1.7i+ 1.4 + 1.6k 0.84 0.9i + 0.6] + 0.5k

1-09i+21j+1k 2+2—1j+ 1.1k

)

3— 14045+ 0.6k 02—1i+2j+ 1k
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1.3—04i+1j+1k 1+1.2i—1.3j+0.5k
W =W = ~ R ~ 3 R e
02—-0.3:+0.65+1.2k 0.3 —1i+0.45 + 0.6k
0.2sin(t) 4 0.5c0s(t)i + 1sin(t)] + 0.4cos(t)k
and R = R = . 5 | . Thus Conditions
0.4sin(t) + leos(t)i + 0.3sin(t)j + 0.6cos(t)k

(3.24) are satisfied, according to the estimated findings. The error curve is shown in
Figure 3.7 and in accordance with Corollary 3.3.2, the systems (3.1) and (3.2) are

globally exponentially synchronized.

Example 3.4.2. To associatively memorise the colour image, let us create QVNNs
in the shape of (3.25) using the colour image pattern “F” from Figure 3.8. The
size of the image “F” is 12 x 12 pixels, as displayed in Figure 3.8. The QVNNs are
created with an equilibrium point of 144-D, which is made up with 144 neurons and

store the pattern’s colours. Set the parameters of the QVNNs (3.25) as follows:

0 5 10 0 5 10
t=2 t=2.5 t=5

o

5 10

F1GURE 3.9: Simulation of retrieving image “F” with random initials values of
time ¢.
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ay = 1.0 (3.27)
(

4.0 + 0.407 — 0.307 + 0.50k,9 = ¢
bgo = (3.28)

0.40 — 0.507 + 0.505 — 0.30k, 9 # o
\
>

—0.20 + 0.20 — 0.507 + 0.40k, 9 < o

dys = 4 0.20 + 0.30i — 0.205 — 0.30k, 9 = o (3.29)

—0.10 + 0.207 + 0.307 — 0.50k, 9 > o,

\

h¥ (e(t)) = tanh(e(t)), 79, = 1 V9, 0, (3.30)

where 9,0 = 1,2,...,144 and y = 1,2,3. The equilibrium point of the proposed
QVNNs must be € = (e1,€,...,e44)7 € Q' in order to recall the colour im-
age pattern “F”, where ¢, = 0 + 0.15i + 0.30j + 0.1500k, €5 = 0 + 0.1500i +
0.307 + 0.1400k, . . . , €1as = 04 0.1500 + 05 + O/;, which correspond to the colour
(0.1500, 0.30, 0.250), (0.150, 0.30,0.140), . .., (0.150,0,0) of the pixels in the image
pattern “F”. The external input R can be determined using the equilibrium point

¢ as follows:

R=(ri,ry,...,ra)" € Q™ (3.31)

where 7, = —62.80 + 22.70; — 90.505 — 7.250k, 72 = —630 + 20.950; — 90.507 —
5.6601%, e, Trag = —91.40— 234.607 — 9().80} +221.40k. Due to space considerations,
one can able to list three of the components of R and € here. The developed QVNNs
with parameters (3.27)—(3.31) have the capacity to dependably recall the aforemen-
tioned pattern “F”, according to a simulation with random initial values shown in

Figure 3.9.
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Remark 3.4.1. Quaternions have a four-dimensional structure and offer a richer
representation of color information than complex numbers with only two dimen-
sions. This richness is advantageous for encoding color information in RGB images,
as three color channels represent each pixel. Additionally, quaternions naturally
handle spatial relationships and rotations, which can benefit image tasks where ori-
entation is essential. Compared to complex numbers, the quaternions provide a more
comprehensive representation of spatial transformations. Moreover, QVNNs require
fewer neurons than CVNNSs to store the same image, suggesting more efficient infor-
mation representation or compression. As noted in [97], three CVNNs need to build
to remember the red, green, and blue intensity matrices in order to remember and
retrieve accurate colour pictures. As a result, according to the method suggested in
[97], the developed CVNNSs require 432 neurons in order to retain a colour figure of
12 x 12. But in contrast to the CVNNs developed in [97], the designed QVNNs in

Example 3.4.2 have 144 neurons, which is a significantly smaller number.

3.5 Conclusions

This chapter investigated the QPS problem of non-identical QVNNs with time-
varying delays and interaction terms using the direct rather than the separative
method. The QPS criterion has been derived using the Lyapunov functional, a suit-
able controller, and a few inequality techniques within the context of the quaternion-
valued domain. An estimation of the upper bound of the synchronization error has
been provided. The QS of time-varying delayed non-identical QVNNs with inter-
action terms has been discussed by Lyapunov stability. The CS of QVNNs with
time-varying delays and interaction terms has also been analyzed in the case of two

identical systems. For some special cases, the suitable conditions have also been
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provided. Finally, the efficacy of the theoretical results is illustrated numerically
through Example 3.4.1. Additionally, Example 3.4.2 highlights the practical appli-
cation of QVNNs combined with associative memory. This example demonstrates
that QVNNs accurately restore original color image patterns, showcasing their ef-

fectiveness in real-world scenarios.
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