Chapter 4

Scrambling and quantum feedback in a

nanomechanical system

4.1 Introduction

A sudden quench of parameters on the quantum state of a system leads to reshuffling
of quantum information, such as the entanglement stored in a many-body correlated
initial quantum state[232, 233, 234, 235, 236, 237, 238, 239, 240], during the subsequent
time evolution. An important question is the swiftness of the spreading of the quantum
entanglement. The maximum rate at which correlations buildup in the quantum system is
limited by the Lieb-Robinson bound [241], while a quantitative criterion is provided by
the out-of-time-ordered correlation (OTOC) of the operators in question. The concept of
the OTOC was introduced by Larkin and Ovchinnikov([242], and since then, OTOC has
been seen as a diagnostic tool of quantum chaos. Interest in the delocalization of quantum
information (i.e., the scrambling of quantum entanglement) was renewed only recently,
see Refs. [243, 244, 245, 246, 247, 248, 249, 250, 251, 252, 253, 254, 255, 256, 257]
and references therein. In the present work, we show that OTOC can be exploited as a

quantifier of quantum feedback. In particular, we propose a model of two nanomechanical
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systems (nonlinear oscillators) coupled with two NV spins. We prove that entanglement
between two NV centers can spread only if NV centers are connected through the quantum

channel. In the semi-classical and classical channel limit, entanglement decays to zero.

Let us consider two unitary operators V and W, describing the local perturbations to the
system, and their unitary time evolution under a Hamiltonian H. which we will specify as,
W (t) = exp(iHt) W exp(—iHt). Here we measure time such that / = 1. Then the OTOC

is defined as

<[vi/(z),\7]T [W(r),f/D : (4.1)

C(t)=1-ReZ (1), (4.2)

where Z (t) = (W(t)'V'W(t)V). Here, parentheses (...}, if not otherwise specified, de-
note either the quantum mechanical ground state average (...)=(y]...|y), or the finite
temperature thermal average (...) = Z~'Tr <e*Bﬁ .. ) with inverse temperature f = 1/T
and the Boltzmann constant scaled to kg = 1. At the initial moment of time, as follows
from the definition, the OTOC is zero C(0) = 0, provided [W,V] = 0. OTOCs demon-
strate several interesting physical features in the integrable and nonintegrable systems.
For example, magnetization OTOCs (V = W =Magnetization) point to dynamical phase
transitions[233]. Disorder slows the growth of C(¢) in time, and therefore, scrambling can
be used to identify the many-body localization phase[247]. Scrambling itself is nothing

other than the zero velocity Lieb Robinson bound[258].

C(1) = [|[W(r),V]|| = min([¢], 1) e 1¢WV) (4.3)
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Here, 1 = const, d(W,V) is the distance between operators on the lattice (i.e., spin
operators exp(ffi) of a spin chain), and the Frobenius norm of the unitary operator A is

defined as ||A|| = Tr(ATA).

Rather interesting and enlightening is a semi-classical interpretation of scrambling.
For canonical momentum and coordinate operators V = P, W(t) = ¢(t) one deduces the
equation, valid on the short time scale [243],

C(t) = h?exp(2A.t). The scrambling time is specified in terms of the classical Lyapunov
exponent Ay, and is equal to the Ehrenfest time 7 ~ /I_IL In1/A. On the other hand, a purely
quantum analysis shows that the radius of the operator linearly increases in time, inde-
pendent of whether the quantum system is integrable or chaotic [244]. This means that in
the qubit system (for example, a Heisenberg spin chain), the time required for the forma-
tion of correlations between initially commuting operators [Gr{ , Gﬂ = 2i§,meM ot will
increase linearly with the distance d = |n — m| between them, and hence [G,{ (1), G,fq] # 0,
for n £ m. Note that customarily scrambling is an irreversible process after entanglement

is spread across the system, it cannot be unscrambled[250].

Indeed OTOC can be interpreted in terms of two wave functions time evolved in a
different manner. Let |y(0)) be the initial pure state wave function which is time evolved
in following steps: first it is perturbed at r = 0 with a local unitary operator V, then
evolved forward under the unitary evolution operator U = exp(—iHt) until t = , it is then
perturbed at r = T with a local unitary operator W, and evolved backward from ¢ = 7 to
t = 27 under U*. Hence the time evolved wave function is lw(27)) = UATVAV(7V| y(0)) =
W (t)V|y(0)). For the second wave function the order of the applied perturbations is
permuted, i.e., first W att = 7 and then V atr = 27. Therefore the second wavefunction
is |¢(27)) = VUTWOU |w(0)) = VW (r)|w(0)) and their overlap is equivalent to the OTOC
F(t) = (¢(r)|w(r)). What breaks the time inversion symmetry for the OTOC is the

permuted sequence of operators W and V. Concerning the interplay between OTOC and
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Fig. 4.1 (Color online) Schematics of two NV electron spins coupled via coupled oscillators. Oscillators are
coupled to each other directly while NV electron spins are not.

dynamical phase transitions, we admit a recent experimental work [259]. Analyzing the

behavior of the chaotic quantum system, authors experimentally observed the sudden

change in the system’s memory behavior.

Recently interest is focused on the hybrid quantum-classical nanoelectromechanical
systems (NEMS) [26, 27, 28, 29, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 162,
163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 260]. Typically a NEMS con-
sists of two parts: quantum NV center and classical cantilever (in what follows oscillator).
Therefore, NEMS may manifest binary quantum-classical features. A spin of the NV
center couples with a cantilever through the magnetic tip attached to a cantilever. An oscil-
lator performs the classical oscillations if not cooled down to the cryogenic temperatures.
We are interested in the question if classical coupled nonlinear oscillators may transfer
the quantum correlations. In other words, we aim to explore the problem of scrambling
quantum information through the classical channel. To answer this question, we study a

system of two strongly coupled nonlinear NEMS. The devices consist of three layers of
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gallium arsenide (GaAs) the 100 nm n-doped layer, the 50 nm insulating layer, and the
p doped 50 nm layer. For more details about the system we refer to the work [261]. We
assume that each of the oscillators is coupled to the spin of NV center and consider OTOC
as a measure of the quantum feedback. In this chapter we will first discuss the model in
section 4.2 and the scheme for numerical solution of the model. Afterwards, in section 4.3
we will discuss the analytical solution of the model in the absence of quantum feedback
followed by a discussion on the numerical calculation of the system in various regimes. In
section 4.4 we will discuss a system of two spins coupled indirectly with a quantum linear

oscillator. Finally we will conclude in section 4.5.

4.2 Model

The schematics of the system in question is shown in Fig. 2.1. The two Oscillators
are coupled to each other directly. The strength of the coupling between the oscillators
depends on the coupling constant and eigenfrequencies of the oscillators. We quantify
this coupling strength through the “connectivity”. The first NV spin we coupled to the
first oscillator and the second NV spin to the second oscillator. On the other hand, spins
are not coupled directly and the correlation between NV spins may arise only through the
quantum feedback exerted from the first NV spin to the first oscillator and transferred from
the first oscillator to the second oscillator via the direct coupling. The Hamiltonian of the

two NV spins coupled to the nonlinear oscillators reads: [262]

P | nr A A- A
H; = 7 (67 +63) +gx1(1)85 + gx2(1)S5. 4.4)
Here wy = (w3 + 8%)!/2, wg is the Rabi frequency, and § is the detuning between the
microwave frequency and the intrinsic frequency of the NV spin. The operator $? in the

eigenbasis of the NV center has the form Siz = J(coso Gi,+sina (6ff »+67,)), where
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Fig. 4.2 Autonomous linear oscillators and weak connectivity regime: Position and phase space plots in (a)

and (b), and spin dynamics and OTOC in (c) and (d). Inset in (d) shows two-point time ordered correlation.

The values of the parameters are wg = 1.5, 0 = 1.0, 0, =1.5,F=F =0, =0,y=0,g=1,K =0.1,
o = /3. Time ¢ is in units of y l, which is of the order of nanoseconds.

6+ = %(6}6 +i6,) and tan ¢ = — g/ 0 and g is interaction constant between the oscillators
and the spins. A magnetic tip is attached to the end of the nanomechanical resonators.
During the oscillation performed by the resonators, the distance between the NV spin
and the magnetic tip x changes. Oscillations produce a time-varying magnetic field, and
therefore, the NV spin senses the motion of the magnetized resonator tip. For more details
about the origin of the coupling between resonator and NV spin, we refer to the work [172].
The classical subsystem of the NEMS is the essence of two coupled non-autonomous

nonlinear oscillators. Apart from the Hamiltonian part

1 1 1 1 1 1
Hy = E(x% +13) + i(x)lzx% + Ea)zzx% + Zéx? + Zé:xg + ED(XI —x0)? 4.5)
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Fig. 4.3 Autonomous linear oscillators and strong connectivity regime: Position and phase space plots in (a)

and (b), and spin dynamics and OTOC in (c) and (d). Inset in (d) shows two-point time ordered correlation.

The values of the parameters are wp = 1.5, 0, =1.0, 0, =15, Fi=F =0, =0,y=0,g=1,K =10,
o = /3. Time is in units of @y 1, which is of the order of nanoseconds.

time dependence of the oscillators x;(z), x»(¢) are governed by external driving and

damping terms [167, 168] and supplemented by quantum feedback term.

fi+FcosQr = i+ wix; +D(x; —x2) +g(w|S%|w),

frtFeosQt = i+ @ixy—D(x —x2) +g(|S5|y),

dly) ‘h
—— = ——Hly),
i 15| W)
6l oy s gl
2= Dylnn)| 6156 lwlnx)

+ Zxa )| (55,67, lwla.x)). (4.6)
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Here

fra=—=2y12—-6x, 4.7)

describes the effect of the nonlinear and damping terms on the dynamics where 7 is
damping constant, & is nonlinearity constant, F', Q are the amplitude and frequency of the
external driving and D is linear coupling term. The feedback terms (y |§§2 |w) describe the
effect of the NV spin on the oscillator dynamics. We numerically solve the set of coupled
equations Eq.(4.6) using Runge-Kutta Method (RK45) to integrate the wave function. The
resonator is quantum if cooled down below the extremely low temperature 7 < 50 nano
Kelvin [263]. Otherwise resonator performs classical oscillations and nonlinear terms are
relevant when oscillation amplitude is large. Due to the feedback effect, Eq.(4.6) is the
essence of the coupled quantum-classical dynamics. The remarkable fact is that NV spins
are not coupled to each other directly but through the nonlinear classical oscillators. Later,
we will also consider the inherently quantum case where the quantum case for oscillators
will be considered. The coupling strength between the oscillators are quantified through
the connectivity

D

_ ' (4.8)
o — o3|

In the case of weak connectivity, K < 1 oscillators perform independent oscillations,
and therefore, we do not expect arise of quantum correlations between the spins. The
strong connectivity K > 1 leads to the correlations between oscillators. Therefore, the
wave function is not separable |y(x1,x2,61,61,)) # |¥(x1,61)) @ |W(x2,62)). Due to
non-separability, evolved spin operators are function of the position of both the oscillators
612(t) = 612(x1(1),x2(t)). However, correlation between the spins [612(¢),621] # 0

occur only if they exert quantum feedback on the oscillators, i.e., x12(t,612), and
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61(x1(1),x2(t,62(¢))). To exclude the artefacts of different dynamical regimes, we solve

Eq.(4.6) numerically for all the possible cases of interest:

1. Autonomous linear system F' = 0 and fj , = 0.
2. Autonomous nonlinear system F =0, Yy =0 and & # 0.
3. Driven linear system F # 0, Y # 0 and £ = 0.

4. Driven nonlinear system F # 0, Y # 0 and & # 0.

We note that Hamiltonian of the spin system Eq.(4.4) is coupled with the nonlinear
resonator Eq.(4.5), [261, 264]. We explore scrambling for the weak K < 1 and strong K > 1
connectivity in all these cases. Taking into account the solution of the Schrédinger equation
lw (1)) =U(t,t0)|w(to)), where U(t,1) = exp{—iftdrﬁs(’c)} is the evolution operator, we
calculate F = (y(to)|U ' 6i0650 167U 65]1//(;00)>. Hereinafter, we consider the initial

spin state |y(#p)) = |01) unless specified otherwise and evaluate OTOC through Eq. (4.2).

4.3 Results and discussion

4.3.1 Analytical solution in the absence of feedback

In the absence of quantum feedback the system admits exact analytical solution for more

details see [168]. The derivation is cumbersome and we present only the final result:

F <a)22’1 -2 +2D) cos Qr

4viva/ (Vi + 61— Q)2+ 7/ (va+ 8 — Q)2+ 7
)
0 —
Vip=0f + @3 +2DF V14K,
3¢ [ 2
8\ Wt

35 / 2 2 2
- 8 12 22 1D( 1 2)7 ( )

xl.’z(t) =
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Fig. 4.4 Autonomous nonlinear oscillators and weak connectivity regime: Position and phase space plots in

(a) and (b), and spin dynamics and OTOC in (c) and (d). Inset in (d) shows two-point time ordered correlation.

The values of the parameters are wg = 1.5, 0 = 1.0, 0, =15, F=F =0, =1,y=0,g=1,K=0.1,
o = 7t/3. Time ¢ is in units of y l, which is of the order of nanoseconds.

where F, Q are the amplitude and frequency of the external driving, D is linear coupling
coefficient, m; » are frequencies of the individual resonators, ¥, & are damping and nonlin-
earity constant, &; » are nonlinear corrections, and A  are the amplitudes of the induced
resonator oscillations. We insert the solution Eq.(4.9) in H (x;(t),x2(z)) ( given by Eq. 4.4)
and finally get the propagated wave function |y(t))=exp{ —i f[ dtH,(7) p |w(tg)), which

fo
is presented in the form:

[W(2)) = Ci1(1)|00) + C2(¢)[01) + C3(2)[10) + Cy(1)[11). (4.10)
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Here C(t), Ca(t), C3(t), C4(t) are normalisation constant and |0), |1) is the computational

basis of NV spins. The spin dynamics reads:

(61) = 2Re(Cy (1)Ca (1) + G5 (1) Ca (1)),
(67) = =2Im(C{(1)Ca(1) + G5 (1)Ca(1)).

(67) = (IC1()]> +1C3() P = |Ca(1) > = |Ca(1) ),

“4.11)
and
(67) = 2Re(Cy(1)C5(1) + Ca(1)C4 (1)),
(65) = —2Im(C1(1)C5 (1) + C2(1)C5 (1)),
(63) = (IO +C2 (1) > = [C3 (1) P = [Ca(1) ).
(4.12)

Expressions of coefficients are cumbersome and are not presented in the explicit form.

4.3.2 Autonomous case

In the presence of quantum feedback we use Eq.(4.6) and solve the system numerically
for various cases of interest. In Fig.(4.2), we present results obtained for the linear
autonomous oscillators coupled with the weak connectivity. Dynamics of the oscillators in
this case is the essence of the harmonic oscillation with a slight modulation of amplitudes.
Modulation occurs due to the exchange of energy between the oscillators. In the phase
portraits (Fig.4.2(b)), we see the limit cycles, closed phase trajectories of periodic motion.
Fig.(4.2)(c) describes the spin dynamics, the exchange of energy between the oscillator
and the spin. We see periodic switching of the spin mediated by the weakly coupled to

linear autonomous oscillators. The right-bottom plot Fig.(4.2)(d) shows the absence of
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Fig. 4.5 Autonomous nonlinear oscillators and strong connectivity regime: Position and phase space plots

in (a) and (b), and spin dynamics and OTOC in (c) and (d). Inset in (d) shows two-point time ordered

correlation. The values of the parameters are wy = 1.5, @, = 1.0, =15, F=F =0, =1,y=0,g=1,
K =10, a = /3. Time ¢ is in units of afl, which is of the order of nanoseconds.

OTOC in the system which shows a justification of the absence of quantum feedback.
Two-point time ordered correlation is not zero and shows periodic switching in time ( see
Inset of Fig.4.2 (d)). In the case of strong connectivity Fig. 4.3 dynamics of oscillators
is synchronized. The exchange of energy between the oscillators is faster leading to the
trembling of the spin projection. The spin switching is slower as shown in Fig. 4.3 (¢), and
OTOC (Fig. 4.3(d)) is again zero. Even the strong connectivity regime could not inject the
effects of quantum feedback in the system. Two-point time ordered correlation shows slow

switching in this case (Inset, Fig.4.3 (d)).

Let us invoke the nonlinearity in the oscillators and explore the spin dynamics and
quantum feedback in the system. In the beginning we consider the weak connectivity

regime (see Fig. 4.4). As compared to the linear oscillators and the weak connectivity
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Fig. 4.6 Driven nonlinear oscillators and weak connectivity regime: Position and phase space plots in (a) and

(b), and spin dynamics and OTOC in (c) and (d). Inset in (d) shows two-point time ordered correlation. The

values of the parameters are wy = 1.5, ®; =10, =15, F=F =05, =1,y=0.15,g=1,K=0.1,
o = /3. Time ¢ is in units of , l, which is of the order of nanoseconds.

case, the NV spin 6, coupled with the faster oscillator of position coordinate x,(¢) is not
switched completely. However, the NV spin &} switches the direction completely during
the course of time. Apparently, the reason is a faster change of direction of the energy flow
between the spin and the oscillator. At the halfway of switching, the energy starts to flow
back to the oscillator. The quantum feedback is absent in this case also (see Fig. 4.4 (d)).
We see in (Fig.4.4 (d)) inset that time ordering two point correlation shows oscillations in

time with a frequency smaller than the linear case.

Next, we explore spin dynamics and quantum feedback in the case of strongly coupled
nonlinear oscillators as shown in Fig.(4.5). We see that NV spins are frozen and perform
small trembling oscillations in the vicinity of the initial values (Fig.4.5 (c)). The quantum

feedback quantified in terms of OTOC (Fig.4.5 (d)) is again zero in this dynamical regime.
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We see in inset (Fig.4.5 (d)) that two-point time ordered correlation shows oscillations
with the peak increasing in time. The nonlinearity deters the switching of the two-point

time ordered correlation in the given observation.

4.3.3 External driving

We know that the forced oscillations are the essence of two different evolution steps. At
the early stage, the oscillation frequency coincides with the eigenfrequency of the system.
However, after a specific time, the system switches to the frequency of the driving force.
At first we consider the weak connectivity regime. During the transition step, we observe
switching of the NV spins Fig.(4.6)(c). However, after reaching in the forced oscillation
regime, the NV spins are frozen. We note that the amplitude of oscillations does not
increase resonantly due to the nonlinearity destroying the nonlinear resonance. In the case
of a strong connectivity (see Fig.4.7), oscillators are well synchronized. The NV spins
and oscillator mode periodically exchange energy. In both the cases of weak and strong
connectivity, OTOC and quantum feedback are absent. We see in inset of Fig.4.6 (d) and
Fig.4.7 (d) that two-point time ordered correlation is not zero shows switching.

In order to explain the absence of the quantum feedback and scrambling in the strong
connectivity case, we plot the energies of classical oscillators and the quantum NV spin
system. We neglect the coupling with the external driving field and dissipation process to
analyse the autonomous system. In this case, the total energy of the system comprising the
NV spins and the oscillator is conserved. As we see Fig.(4.8) (a) and (b), the ratio between
energies (Hyy)/Hp = 0.02 is rather small, meaning that the energy of the oscillator is much
larger than the energy of the spin system. The interaction between the oscillators and spins
strongly affects NV spins and only slightly affects the oscillators. Another argument is that
the relative modulation depth of energies is much larger for the quantum system: 6 Hy/Hy ~

0.1, 8(Hnv)/{Hyv) =~ 3 and 0Hp+ 6(V) + 0 (Hyy) = 0. This argument becomes even
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Fig. 4.7 Driven nonlinear oscillators and strong connectivity regime: Position and phase space plots in (a) and

(b), and spin dynamics and OTOC in (c) and (d). Inset in (d) shows two-point time ordered correlation. The

values of the parameters are @y = 1.5, 0, = 1.0, 0, = 1.5, FF =F; =0.5,£ =1,y=0.15,¢g=1, K =10,
o = /3. Time ¢ is in units of , l, which is of the order of nanoseconds.

stronger when external driving is switched on. The external driving field supplies the

energy to the oscillators and smears out the quantum feedback effect. OTOC has also been

calculated for the initial state |y/(fo)) = \%2(]01) —|10)). It turned out to be zero even for

the Bell states, however, the entanglement is preserved during the process.

4.4 Inherently quantum case: Non-zero OTOC, geometric
measure of entanglement and concurrence

In the case of strong connectivity, to some extent, coupled oscillators physically are the
essence of a single effective oscillator. We show that the effective oscillator interacting

with both spins indirectly couples spins. We study three measures of quantum correlations:
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Fig. 4.8 Plot of average energy versus time for (a) the oscillator and (b) the NV spin, in the strong connectivity
regime. The values of the parameters are: @y = 1.5, 0; = 1.0, 0, =15, =F =0, =0,y=0,g=1,
K =10, oo = /3. The modulation depth of energies é (Hyy) = 0.5, §Hy = 1.5. Time # is in units of wgl,
which is of the order of nanoseconds.
OTOC, concurrence, and a geometric measure of entanglement [265, 266, 267]. We
consider Bell’s state as an initial state of the system and show that concurrence and a
geometric measure of entanglement do not capture the effect of the quantum feedback. On
the other hand, OTOC precisely quantifies the effect of quantum feedback. However, this

effect disappears in the classical limit. Before proceed further, once again, we specify the

Hamiltonian of the system.

V={at(6; +65)+a(6] +65)}. (4.13)

Here ay is the frequency of NV spin, @ is the frequency of oscillator and g is NV spin-
oscillator coupling constant. For the sake of simplicity we limit the discussion of the
quantum case to the linear system only. We note that inclusion of nonlinear terms leads to
the dynamical Stark shift (wy + §a"@)6 2 and two-photon processes 6, L4, 6]_72(&+)2,
see [260] for more details. Nonlinear terms may affect results only quantitatively.

We follow the Frohlich method [268] and consider transformation of the Hamiltonian

H = exp(—S)Hexp(—S), where operator § satisfies the condition gV + [Hy,S] = 0 and
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ensures the absence of the linear non-diagonal terms proportional to g term in the trans-
formed Hamiltonian [268]. Hamiltonian of effective interaction between two NV spins

mediated by linear quantum cantilever can be derived as follows [263]:
0
_ig / (0)]
eff > )
V(t) = exp(—iHot)V exp(iHot). (4.14)

Taking into account Eq.(4.13) and Eq.(4.14) we deduce:

2 (h 4+ ata— | a—at
Hypf=="———"-x< (6{+05 . 4.15
eff 0)()—(0 ( 1+ 2)+ (2af\+a+1) ( )

The total Hamiltonian has the form:
I:Itoz = I:IO +Heff- (4.16)

In what follows we replace n = (d@*a) and rescale the total Hamiltonian H;,;/ (2n+1). In

case of local unitary and Hermitian Pauli matrices the following expression of OTOC can

be deduced from Eq. (4.2):
C(t) = 1 —Re [(67(1)656(1)65)] (4.17)

where time dependence is governed by total Hamiltonian as 67 () = ¢~ itHio ] eitHior, Taking
into account Eq.(4.16) and the initial Bell’s state [®~) = 1/v/2(|01) — |10)) (which is also

an eigenstate of the system), for OTOC from Eq.(4.17) we deduce:

C(r) = 2sin® (4Q1) (4.18)

2

where Qn = m

As we see from Eq.(4.18), in the initial moment of time OTOC

is zero C(t = 0) = 0 and becomes non zero for r > 0. However in the semi-classical limit



130 Scrambling and quantum feedback in a nanomechanical system

n — oo, Q, — 0 and to detect effect of the quantum feedback we need to wait rather long

time ¢ ~ 1/Q,,, meaning that effect of the quantum feedback in rather weak (zero).

For a two-qubit system geometric measure of entanglement (GME) and concurrence

are related to each other [266]. To calculate concurrence we follow standard recipes:
%[t]:max(O,Rl—Rz—R3—R4), 4.19)

where R, () are the square roots from the eigenvalues of the following matrix

Rit) = pr(1) (6] © 63) pilt) (6] 2 83) (420
Pr(t) = Trfieia(P()) is the reduced density matrix P(r) = e~ it ()it p(0) =
|®7) (P~ | and 6f:2 are Pauli matrices acting on the first and the second spins. The
GME is given by GME= (1 — /1 —%[t])/2 [266]. For the Hamiltonian Eq.(4.16) and
the initial Bell’s state |®~) = 1/4/2(|01) — [10)), we calculate ¢ [t] = | and GME= 0.5.
Thus in the case of a particular initial state, the concurrence and GME are constant, and
through them, we cannot quantify quantum feedback exerted by spins on the oscillator. On
the other hand, the quantum feedback if described by OTOC, will be nonzero if present
(as in quantum case) and vanish if absent (as in the classical limit). We can also check the
finite temperature case. At a finite temperature, in the equilibrium state, the density matrix

in the basis of Hamiltonian is given as

e 2B(Qotwr) 0 0
I 0 e B0 0
p= )
0 0 P 0
0 0 0 2B(Qotaor)

Z =2cosh B2(Qy + wpr) +2cosh B, 4.21)
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Fig. 4.9 Plot of thermally averaged OTOC vs time at fixed Temperature(T). The parameters used are g = 1,

=3, w=2,T =100, n = 10(red), n = 100(Green), n = 1000(Gray), n = 10000(blue). For very large n

the oscillations die out. Time ¢ is in units of @ 1, which is of the order of nanoseconds and Temperature is
in the units of @/Kp where Kp is Boltzmann constant.

72 . .
where we introduced the notations Qg = (5’—, Wor = »2— and B =1/T is the inverse

—) 2n+1
temperature. Thermally averaged OTOC Cp = 1 —Re(Tr{p 67(t)6567(t)65}) is calculated

(for details see Appendix C . S-I) as:

cosh2f(Qo + mpr) + cos4Q,t cosh BQ,

C,=1 422
P cosh2B(Qo -+ @g) +cosh B, (:22)
and the thermal concurrence %) t] is calculated using Eq. (4.19) as
inh fQ,| — 1
@, t] = 2 x max <0, [sinh 2| ) . (4.23)
(2cosh2[3 (Qo + wor) + 2coshﬁQn)

Thermally averaged OTOC as a function of time is plotted in Fig.(4.9) for different n.
At the finite temperatures, in the semi-classical limit n — oo, we have Q,, — 0, wpgr — 0,
Cp =0 and %, [t] = 0. On the other hand, at a zero temperature dynamical effect, i.e., the
quantum feedback is captured only by OTOC. Both at finite or zero temperature OTOC is

not zero if spin exerts feedback on the oscillator, and it becomes zero when n — co.
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4.5 Conclusions

Out of time correlation function is widely used as a quantitative measure of spreading
quantum correlations. In the present work, we propose an experimentally feasible model of
the nanomechanical system for which OTOC can be exploited as a quantifier of quantum
feedback. In particular, we consider two NV spins coupled with two different oscillators.
Oscillators are coupled to each other directly, and NV spins are not. Therefore, any
quantum correlation between the NV spins may arise only due to the quantum feedback
exerted by NV spins on the corresponding oscillators. The OTOC operator between the
NV spins is the essence of the quantifier of the quantum feedback. To exclude the artefacts
of a particular type of oscillations, we considered different dynamical regimes: linear vs.
nonlinear, free, and forced oscillations and showed that the OTOC and quantum feedback
are zero in all the cases. We also considered quantum oscillator and quantum spins case
where the indirect coupling between the spins is invoked by a quantum harmonic oscillator.
We have shown nonzero OTOC, GME and concurrence in this case. In a classical limit
of the oscillator, the OTOC vanishes. Thus, we conclude that entanglement between two
NV centers can spread only if NV centers are connected through the quantum channel (In
our case the two NV spins are connected indirectly). In the semi-classical and classical

channel limit, entanglement decays to zero.



