Chapter 3

Numerical approximations of

Caputo-Prabhakar fractional

2

derivative and their application

In 1973, Prabhakar [88] provided a generalization of the Mittag-Leffler function to
three parameters known as the generalized Mittag-Leffler function. Moreover, fol-
lowing his name, it is recognized as the “Prabhakar function”. The fractional Caputo
(or Riemann-Liouville) derivative and Riemann-Liouville integral to the Prabhakar
fractional derivatives and integrals were generalized by Kilbas et al. [55], Garra et al.
[31], and Prabhakar [88] using the Prabhakar function as a kernel. The theoretical
aspects of these operators have been studied in many articles. However, due to the
presence of more parameters in the Prabhakar operator, existing numerical schemes
may not be useful to solve fractional differential equations defined in the Prabhakar

sense.

Therefore, the objective of this chapter is threefold: firstly, to develop two new
numerical formulas for approximating Caputo-Prabhakar derivatives; secondly, to
apply these formulas in solving reaction-diffusion problems with variable coefficients
in the Caputo-Prabhakar sense, employing compact difference operators for spatial
discretization; and lastly, to establish detailed theoretical analyses for the developed

schemes.

2This chapter contains material published in Mathematical Methods in the Applied Sciences,
2023, doi: https://doi.org/10.1002/mma.9654.
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Organization of the chapter: In Section 3.1, CPL2-1, and CPL-2 formulas are de-
veloped, and their basic features are discussed. In Section 3.2, two high-order fully
discrete numerical schemes, CFD; and CFD,, have been developed to solve the frac-
tional reaction-diffusion problem defined in the Caputo-Prabhakar sense. Stability
and convergence analysis of both schemes have been established separately in Sec-
tion 3.3. Further, the numerical results of the developed numerical methods are
discussed in Section 3.4 with the help of three test problems. Finally, Section 3.5

concludes the chapter.

3.1 New numerical discretizations of the Caputo-

Prabhakar derivative

In what follows we consider o € (0,1). Therefore, Definition 1.2.1.2.3 simplifies to

Dbt (1) = /0 (t =) Eg]_o{n(t —5)"}f (s)ds. (3.1)

We shall present two novel approximations of orders (2 — «) and (3 — «) of the
Caputo-Prabhakar fractional derivative given in (3.1), where 0 < o < 1 denotes the
order of fractional derivative. Let NV; be an positive integer. We divide the interval
[0, 7] into N; subintervals with uniform partition ; : 0 =ty < t; < -+ < ty, = T,

where t,, = nAt, for 0 < n < N, with At = %

3.1.1 CPL2-1, formula

Let 0 = 1 — 5. We approximate the Caputo-Prabhakar derivative of the function

f(t) € C3[0,T] at the points t,,, given in equation (3.1). Here, t,4, = (n + o)At
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for 0 <n < N;—1. Now, CPL2-1, formula can be obtained in the following manner

tnso E . ;
CPDZQI{ n+0' / iio _Jrs) 5) }f/(s)ds
_ tit1 E,Bl Al(tnto — s)%} /
R j=0 /t (tnio — 8) f'(s)ds
" Egvrli—a{’%(thrU - S)B} ,
" /t" (thto — $) f'(s)ds. (3.2)

For each t € [t;,t;11], (0 < j < n — 1), we approximate the function f(¢) using

its quadratic interpolation P, ;f(t) over three points (¢;, f(¢;)), (tj41, f(t;41)), and

(tj+2, f(tj+2)) given by

r0 = ruso = 11 i) (33)
Also, we have
10 = Post @) = T )0~ 1y10)0 120, (3.4)

where §; € (t;,t,42). Moving forward, within the interval [¢,, t,+,], we adopt the lin-
ear interpolation P ,, f(t) to provide an approximation for the function f(¢) based on

the data points (¢, f(t,)) and (t,41, f(t,11)), yielding the subsequent representation

L (b)) = o () ()

JO) = Paf(t) = 3—— T
(3.5)

The interpolating polynomials P ,, f(¢) and P, f(t), defined in equations (3.5) and
(3.3), respectively, yield the following expressions for their respective first-order

derivatives

(Punf(t) = otf (tusis) (3.6)
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(Puto) = (22220 e ) 4800 () B

where
51 (1) = L) Tltn), (33)
(5t2f (tj) _ otf (tj+1/2)A_t5tf (tj—l/Q) _ f( J+1) - 2:222) + f( Jj— 1) (39)

In equation (3.2), we approximate f’(s) by utilizing the derivatives of P, ;f(t) and

P, . f(t) within their respective intervals to get

ol ety BT Ak(tnio — )7} ,
CPDZaKf(thra) %Z/ 8,1 - (Po;f(s)) ds
j=0 t; n+o
oo B {sltuo - 9)%)
B,1—« n+o /
R e e G NCI
O B {k(thee — $)°} [(2s — 2t — A
_ / B,1— cx{ ( + ) } |:( S t] t)5t2f(t]+1)
t (tnto — 8)* 2

tnio B2 {k(thie — 8)°
+ ot f (tj+1/2)]ds+/ p1allins ) }5tf (tnt1/2) ds.
tn

(tn+a - 5)a

Moreover, by simplifying further, we get

n-l 1 (28 — 2t; — AL ESY o p
CPZ)?7 n+0 Z [(St f 7+1 / ( i ) Bl a{H( i S) }dS
t

B, H =0 j 2(tn+cr - 8)
i Bl {H<tn+a - 5>6}
Stf (t; Bl d
+otf ( J+1/2) /tj (tnio — 5)° 5
tnve Bo Ak(tnio —5)°}
+6tf (, / Bl-o ds
f ( +1/2) " (tn+g _ 8)0‘
n—1 n—1
=AY 08 f(tia) + AT d St f (t4)2)
=0 =0

+ (oAt "B, 0t f (tns1/2)
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where

1= {0+ 00 5 B0 = (1 = 14+ 0) 5By 14}

1¢,. o ) o )
_5{(]"'0)1 2Ejio+(j—1+0) 2Ej—1+a}7 Jj =1, (3.10)
dj = {(] +0) %, —(j — 1+ U)lfa2Ej71+a}; J=1, (3.11)
where
2By = Egn_ (k(jAY)Y), and 3E; = E;1_ (k(jAL)7) . (3.12)

Thus, we have

CgDZ,oc,nf(thrU) ~AT? Z Wn—;0Lf (tj+1/2)

§=0
=AE Jwof (tng1) = > (Wnj = wnjur) f(t;) — waf(to) | .
j=1
(3.13)
where
wo =dy = 0" %E,, for n =0, and
(
do + 11, Jj=0,
for n 217 w; = dj+Tj+1—Tj, 1§j§n—1, (314)
dy — T, ] =n.
\

The approximation (3.13) is the CPL2-1, formula for the Caputo-Prabhakar deriva-
tive. The following result shows that the accuracy of the CPL2-1, formula is of

order 2 — a.
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Theorem 3.1. If f(t) € C®(0,T], then for any fractional order a € (0,1) and

(&7

o=1-35, we have

n

wof (tns1) = D (Wag = Wargi1) f(t5) — waf (to)

=1

CISD?? f(tn—i-cr) =A™

ﬁ7a7"€

+0 (A7)

Proof. Recall that in deriving the CPL2-1, formula (3.13), we have approximated
f'(s) by (P2, f(s)) and (P, f(s))" in their respective intervals. So, here it is evident

that

n

wof (tat1) = D (Wn—y = Wagn) f (1) — w f (to)

Jj=1

C]gDn f(tn-i-a) — At

ﬁ7a7n

:Rl +R27

where

Rlz

n-l /tj+1 Egl_ Ak(tnie — )7}

(thrU - S>a

[f'(s) = (P2 f(s))'] ds

,]:0 tj

and

tnto 1N K(tpty — S B .
m= [ Eptcadnllore =5V} o0y r(s))] ds.

n (tnto — 8)°
First, we will prove that Ry = O(A#37%). Integration by parts of Ry provides

n—1

Ri=D {{@W — ) B (Rt = "} (F9) = Py ]+

7t = B st = ) (5 6) = Pasf ()]

J

| e =9 B s = 9)* (1(6) = Pasf () ds] |

J
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Further, using the relation (3.4) in above expression we get

tJH —a—1p—7 s " (&)
Rl = o = 8BS (s — 9V (s — (s — 1)
(s — tj42)ds
1 — " ti+t 1
G ) [ =) = )5 = ) = 97
7=0 j
By (R (taso — 5)°}ds
_|ar . tit1 I
= ? Z fm 5] / tn—i-cr - S) lEﬁﬁa{"{(tn%—U - S)B}ds :
3=0 ti
Equivalently,
t3 o n—1
Bl <|=5— D7 £7(&) [(n+ 0 = i) Bl {k(taro — 1))
7=0

—(n+to—j+1)Ey] {r(tus — tj+1)6}} '

< ¢ ma meEY AT
ge[to)fn"f (3] ,

where ¢ is a constant. Thus, we have Ry = O(A#*~®). Further, we will show that

Ry = O(At*™). Clearly,

tnto K n+g—86 /
RQZ/t Elgl a{ (t ) }[f/(s)—(Pl,nf<S))]d$

n (thra - 5>a

Moreover, the Taylor expansion of f(s) at s = t,,41/2 is expressed as follows

F5) = Fltnsags) + S22 ) + 0(A), (3.15)
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After inserting equation (3.15) into the expression for Ry, we obtain

tn+a‘ E ? a K t’fl p — S ﬁ , ,
o =| [ e 2O ) — (s s
tnto (8 —tny1)2 Fi(tno — )7
+ f”(tn+1/2)/t (5 = by )( ’il o )( i ) }ds + O(AH )
lnto S — 1 - _Ak(thse — S B
|Ro| < | f" (tus1/2) /t bty Qifil f{s)f o 73 4 4 oqase,

On simplifying further we get

O.lfaAt27a B _
|By| S————1f"(tns1/2)| 1205575 oA#(tnso — t2)°} — Eg3_ Ak(tnio — ta)’}|

< el f"(tuaj2) | AT,

where c is a constant. Thus, Ry = O(At?~?). Therefore, we get R+ Ry = O(A#*7%).

Hence, we have the proof. O

3.1.1.1 Basic features of the new CPL2-1, formula

Lemma 3.1. For0 < a <1 andj=1,2,3,..., the following inequalities hold

<X <

2 2—a’

where

(J4+0)Ej 00— (J—1+0) "3E; 14, — (j —1+0)""%E;_1.,
(G +0) 2B 10— (= 1+ 0)"%E; 14, ‘

Xj =

Proof. One can have the proof following [7, Lemma 3]. O
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Lemma 3.2. The coefficients w; (0 < j < n,n > 1), for 0 < o < 1, given in

equation (3.14) satisfy the following inequality

"TAT(1 - )’
where c =1 — £.

2

Proof. For n > 1, we get

3
Wy, =Ty — dn = [(n + 0_)1—042En+0 — (n — 1 + O')l_agEn_1+U] (5 — Xn) .

Using Lemma 3.1 in above equation we get

3 1
w, > ((n+0) " E s —(n—140)"""E, 1}, (— - )

2 2 —«
4-3 VB s
_ Oé/ 1L+ ds
0

2(2 — «) (n+o0— )™
(n+o) @

We can choose the parameters 7, 3, and  such that 1E,,, 1 = E5 ] {x((n+o0 —
1)At)#} > 0. Thus, we get

(n+o) @
U 1 —a)’

Hence, the lemma is proved. [

Lemma 3.3. For a € (0,1) and coefficients w; (0 < j < n,n > 1), the following
inequality holds

Wy > W1 > Wo > -+ > Wy

Proof. The proof can be done following [7, Lemma 4]. ]
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3.1.2 CPL-2 formula

We approximate the Caputo-Prabhakar derivative of the function f(t) € C3[0,T] at
the points t,41, 1 <n < N, —1, given in equation (3.1). The CPL-2 formula can be

obtained in the following manner

trn+1 E_W tn _\B
o & E,BT{ oA (tnir — )7} /
_ /0 e (s)ds
n tiy1 o1 toay — B
Y[Rt s (aas)
j=2 71 "

Now, for each ¢ € [t;,t;41] (1 < j < n), making use of the quadratic interpolation

Py f(t) of f(t) over three points (t;_1, f(tj-1)), (t;, f(t;)), and (tj11, f(tj41)), we

arrive at

f( ) P2Jf Z H _lgglﬂ J+i)7

Z*—ll
(Po, ) = (Qt‘#‘“) SEF) 1 () (BT
and )
10 = Pasf ) = T8 4t 1) 100, (3.18)

where &; € (tj_1,t;41). In order to obtain the CPL-2 formula we use equation (3.17)

in equation (3.16) and get

s By (sl — 5)7) ,
OGS (o) [ T ()
0 n

tirr B2 Lkt — s)P
"‘Z/ gz a{ - ) }(P2,jf(5>>,d8

n+1 - 3)
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= 587 f(t1) 4 Ot f (ts2) | ds

/tz B {(tns — 5)%) [(25 — 20 — Al)

(tnt1 —$)* 2
bt B a{’f ni1— )} [(2s —2t; — At) _,
- Z/ (tns1 — 8)° [ 2 o)
—f- 5tf (tj+1/2)] dS, (319)

which on solving gives

CPDZ’ o nf(tn+1> ~ALT? [(an — by —bn1)0tf (t1/2) + (an—1+ by_1 +b,) 0t f (t3/2)}

n

AN b 0 (o1j2) + (@ + bug) 0L (42)

j=2

where

a; = {(l + 1)1_a2El+1 - ll_aQEl}a l Z 07 (320)

1

b = {(l + 1)27Q3El+1 — lQ*asEz} — {(l + 1)17a2El+1 + llfo‘gEl}, [>0, (3.21)

N |

with

2B =B (kA7) , and 3B = Eg7_ (k(1A1)P) . (3.22)

After arranging the terms, we get

CPDZ a, Hf(tn+1) %Atlia [(an - bn - bnfl) 5tf (t1/2) + (anfl + bnfl + bn - bn72)
n—1
otf (tg/g)} +AT Y [(—bn_j_l + Qnj + bu—j) Ot f (tj11/2)
j=2
+ (CLO + bo) 5tf (tn+1/2)i| . (323)

Hence, we have

CPDZOU@ TH‘l ch ](Stf ]+1/2) (324)
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where:
forn =1,
a0+b0+b17 :07
Cn = (3.25)
a;—by —by, j=1,
for n = 2,
GG =y a1 +bi+by—0by, j=1, (3.26)
az — by — by, J=2,
and for n > 3,
§
Qg + bOv J = 07
a-—b-—b;l, 1§j§n_27
=47 (3.27)
Ap—1+ bp1 + by — by Jj=n-—1,
A, — by, — by, j=n

\

The approximation (3.24) is the CPL-2 formula for the Caputo-Prabhakar fractional

derivative. The following result shows that the accuracy of the CPL-2 formula is of

order 3 — a.

Theorem 3.2. For any fractional order o € (0,1), n = 1,2,---

f(t) € C30,t,11], we have

CP nyn
OD

/87a1H

Ny — 1, and

f(tni) = Z CnjOtf (tj41/2) + O (A7)

=0
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Proof. Recall that in deriving the CPL-2 formula (3.24), we have approximated

f'(s) by (P21 f(s)) and (Ps;f(s))" in their respective intervals. So, it is evident that

n

CPD,Z o Nf(tn'i‘l) - Z cn—jétf (t]+1/2) — Rl + RQ,

=0
where
- By ARty — 5)°} ,
Ry = / ploal Mt =20 T [ (s) — Pof(5)] ds
to (tn+1 - 8)
and

i+ K(thsr — 5)° .
Ry = Z/ Eﬁ”{ P (49— Pasrto as.

n+1 - 3)

First, we will show that R; = O(A*~*). We have

2 B2 Lk(ther — 5)° ,
i :/t Poimalir ~ 1)) [f(s) = Paf(s)] ds

(thi1 — s)>
[ laletn =)
t

(thrl - S)H_a

[f(s) = Pop f(s)]ds

0

1

== / T PE)S(5 — 1) (5 — ta)(buer — 5) VBT {i(tusr — 5)°}ds,

where &) € (to,t). Further, for n = 1, we have

=[5 [ @0sts - )6 = )t = )7 Bt - ) e
2 £ (¢ to
< ’%@ /to (to — s)_“Eﬁ_’za{/@(tQ — S)B}ds
AtZ’f///

M- [E;,?_a{mé} -5 sty

— C|f///< )|At3 «

where ¢ is a constant.
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Next, for n > 2, we have

. 1 [t - _
[y | = ‘6 F"(&)s(s = 1) (s = ta) (tugr — 8) " B " {k(tns1 — )" }ds
to
2\/§At3 s to L B
< 54f (&) / (tnpr — )" OB k(b — s)?}ds| .
to
Thus, we get
. \/gAtS " B . .
Ry < 2|£ (&)l At [ n+1)""Eg5. ARtE Y —(n—1)

B3l alsltnn - )]

< ol f(@)lace

where c¢ is a constant. Hence, we have Ry = O(At*~®). Further, we will show that

~

Ry = O(At3). Clearly,

;+1E1amn+1 s)P ,
Z / 1ol I (1) = Payt(s)) ds

n+1 - 5)

3 |

_ [/t'ﬁl(tnﬂ = )0 B {k(tass — )P} [ (5) — Pajf(s)] ds

.

n

Z /t.jJrl f//’<€j)(3 - t];l)(s — tj)(S _ tj+1)(tn+1 _ S)*Oéfl

j=

=

E;" {k(tnyr — 5)"}ds,

where gj c (tj—lu tj+1).

Now, for n > 2, we have

n—1 t.
A 1 N " —a—
|Ry| < G > F7(E) (s =) (s — ) (s = tja) (tngr — 8) 7
j=2 1t

Byt = 9" Ys 5 [ 7€~ taa)(s — 1)
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(5 - thrl)(thrl - 3)7a71E/;,71a{/€(tn+1 - S)ﬂ}ds

2\/' AP <

i+l
Zf’” &) / (s — ) 3" {ltars — )°}ds

AtQ " " n41 B B
+ ‘%/ (tne1 — ) aEﬁia{ﬁ(th — 5)%}ds
tn

BAE
= \/_7t Zf’” &AL O‘[n—i—l—j) “Egl An(tny — 1)y = (n—j5)™°
Jj=2

Byl Akt — tj+1)5}] +

A2 " 7n
‘%(f) A Q[Em oAA(tns1 — )7}

B Eﬂ_,g—a{/{(tn-i-l - tn)ﬁ}} ‘

< ¢ max |f"(s)|A,
s€[ta,tn]

where ¢ is a constant. Thus, R, = O(At*®). So, we get Ry + Ry = O(At*).

Hence, we have the proof. O

3.1.2.1 Basic features of the new CPL-2 formula

Lemma 3.4. For0<a<1landj=1,2,3,...

E i {r(jAt)7} o Egl_ {x((j +1)At)"}
(j+ 1) ’ je '

(b). bj < (j +1)' By o {s((j + 1)At)"}.

(a).

Proof. (a). The coefficients a;, for j =1,2,3,... and 0 < o < 1, can be written as

o= [ Bl 920

Giae ds. (3.28)
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We can choose the parameters 7, 3, and & such that E;7_ {s((j + s)At)"} > 0,

Thus, from equation (3.28), the following inequalities hold

Bl ofn(GAO"} Byl o{s(( + DAY
(7 +1)e ’ J |

(b). The coeflicients b; are given as
‘ w 9 Ly . a 1-a
b= {G+ 1" 8B = 2% = S{ G+ D B + B (329)

Again, we can choose the parameters 7, 3, and x such that 2E; and oE;,; are

positive. Therefore, from equation (3.29), we have
by < (j+ 1) *3Ej — j° " E;
which can also be written as

b; < /0 (+ ) Ega_{x((j + s)At) }ds. (3.30)

Thus, we can have the desired inequality from (3.30). O

Lemma 3.5. The coefficients ¢; (0 < j < n,n > 2), for 0 < a < 1 satisfy the

following inequality
G+

Cj>—F<1_a).

Proof. For n > 2, we get

C; = aj — bj — bj—l-

Using Lemma 3.4, we have

¢; >+ D) E | {s(GA)"} — (7 + 1) Eg5_ {w((j + DAY} — 517
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x Egy  {r(jAt)7}.

Further, we can choose the parameters 7, 3, and ~ such that oF;, 2F;4; and

E;1_{k(jAt)’} are positive. Therefore, we get

¢ >+ 1) Byl {s(GA Y — G+ 1) By ] {s(( + DAY} — G+ 1)

x By o{r((j +1)At)"}

G+

=G+ DB La{nGA} > Fr s

Thus, we have the lemma. [

3.2 Application

The profound impact of reaction-diffusion equations in practical scenarios has es-
tablished them as a prominent and engaging research topic. Understanding the
dynamics of reaction-diffusion equations is paramount in environmental science, par-
ticularly when examining the entry of pollution into the atmosphere from industrial
waste materials or emissions from manufacturing sources. This knowledge is fun-
damental for devising efficient pollution control measures [54]. The investigation
of reaction and diffusion processes within porous catalysts has been a subject of
enduring research aimed at understanding the intricate mechanisms governing these
systems in [22, 25]. The utility of reaction-diffusion equations extends to a plethora
of real-world problems, including logistic population growth, chemical reactions, nu-
clear reactor theory, branching Brownian motion processes, and numerous others.
These equations serve as valuable models for understanding and analyzing diverse

phenomena.
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Therefore, we study the application of the above-derived approximations in solving
the following time fractional reaction-diffusion problem with variable coefficients

defined in the Caputo-Prabhakar sense

CP 1y aQU(I',t)
ODﬁﬁaﬁu(:L’,t)—i-q(t)u(a:,t) :p(t)w—i-F(x,t), (x,t) € (a,b)x(0,T], (3.31)
with initial condition
u(z,0) = g(z), = € |a,b), (3.32)

and boundary conditions

U(O,t) = ¢1(t)7 le (OvT]>
u(bv t) - ¢2(t)7 te (07T]7

(3.33)

where 0 < a < 1 is the fractional order, ¢ > 0, p > py > 0, g, ¢1, ¢ and F are

known sufficiently smooth functions.

We will also introduce a high order compact scheme for the spatial discretization of
(3.31)-(3.33). The compact finite difference method is a firmly established numerical
approach widely used for solving partial differential equations (PDEs). Its applica-
bility extends across various fields of science and engineering, with a rich history of
research and practical use. Many research papers have showcased the prowess and

benefits of the high-order compact finite difference technique [57, 71, 100, 104].

For this end, let N, be a positive integer and divide the interval [a,b] into N,
subintervals with €, : a = 9 < 1 < -+ < xy, = b. Suppose x; = a + ih, with
the mesh width h = b]g—f Let u denote the exact solution of problem (3.31)-(3.33).

For 0 <7 < N, and 0 < j < N, we shall use the notation - u(z;,t;) and

7
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F/ = F (x;,t;). Further, let U/ denote the approximation of u/. Now, let D), =
{19|(’l90,191,"' 7’[9]\&),0 S 1 S Nz} and ‘DZ = {’19|(190,1917"' ,79]\/33),190 = ﬁNx = 0}

For any grid function y € Dy, let us denote

= %(ﬁm —0y), 00 = (59”9#% B 55’3191'*%) '

==

Further, for any grid function y € Dy, the compact differential operator () is

defined as

11 191 1+ 1019 + ’19’L+17 1 SZSNw_L
K9, = (3.34)
v;, i=0orN,.

Also, it is evident that
h2
., = ([ + Eéﬁ) ¥y, 1<i< N, —1. (3.35)

Lemma 3.6. [71] Suppose ¢(z) € COlz;_y, 4] and ¢(s) = —3(1 — 5)° + 5(1 — s)°.
Then

1 10 1 i-1) — 2 i i
Ewﬂ(%—l) + E@/J”(%) + E@D”(QHH) = Plaim) wh(f ) ¥z
h4

oA (1/1(6) (z; — sh) + 1/)(6)(% + Sh)) Qg(s)ds

_I_

360

3.2.1 Compact finite difference scheme with CPL2-1, for-
mula (CFD,)
Consider problem (3.31) at (24, tpi0), 0 < i < N,,0 <n < N, — 1. We have

O*u(zi,tnso
CPDZJQ ,.g (xia tn+o)+Q(tn+U)u(xi; tn+o) = p(thrU)(aT—‘r)‘i‘F(l'“ n+g) (3 36)
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Lemma 3.7. [7] If W(t) € C?|0,T], then on the mesh Q, we have

W(tnio) = oW (tnsr) + (1 — o)W (t,) + O(AL?),

whereazl—%.

Now in order to derive the CFD; scheme, we use the CPL2-1, formula for approxi-
mation of the Caputo-Prabhakar fractional derivative given in equation (3.13) and

apply the compact operator H,. defined in equation (3.34) to both sides of equation

(3.36). Further, we approximate u}*” (and similarly u!*, u}y) by Lemma 3.7.

We obtain
v, [woultt — Z<w"—k — Wy )UF — wpul |+ " TTH T = pt e
k=1
FHET 4 R 1< i< N, — 1, (3.37)
ug = ¢1(tn), uy, = d2(tn), 1<n <Ny, (3.39)

where v = At™, ¢""7 = q(t,1,) and p"™7 = p(t,io). Further, removing the

truncation error term (R = O(At*~*, At? h?) from equation (3.37), we have

n

vH, [woU — Z(wn,k — Wy jr1)UF — w, U | + ¢"TOH UM = p"to52u7+e

k=1

+ H F71<i<N,—1, (3.40)

U =g(z;), 0<i<N,, (3.41)
Ur = ¢i(ty), Un =da(t,), 1<n<N,. (3.42)

Thus, we can recursively solve the discrete scheme (3.40)-(3.42) for U, 1 < i <

N, — 1,1 <n < N, and obtain the numerical solution of problem (3.31)-(3.33).
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3.2.2 Compact finite difference scheme with CPL-2 formula

(CFD:)

Consider problem (3.31) at (24, t,41), 0 < i < N, 1 <n < N, — 1. We have

CP B O*u(z, tyir)
0 D4 o (i tns) + q(tngr)u(@s, tngr) = PWH)T + F(zi, thyr). (3.43)

Now in order to derive the CFDy scheme, we use the CPL-2 formula for approxima-
tion of Caputo-Prabhakar fractional derivative given in equation (3.24) and apply

the compact operator H, defined in equation (3.34) to both sides of equation (3.43).

We obtain

n

n+l J 0 n+1 n+l __ , n+l1¢2 n+l n+1
vH, |cou; g (Cnej — Cn—jir)u] — cpu; | + ¢ " Hew!™ =p" " osul™ + H F]

7

Jj=1
+ R 1 <i< N, — 1, (3.44)
= ¢1(tn), ur&z = ¢o(tn), 1<n <N, (3.46)

where v = At™, ¢""! = q(t,41) and p"** = p(t,11). Further, removing the trunca-

tion error term R = O(AL*~, h*) from equation (3.44), we have

n

n+1 0 n+1 n+l _  n+lc27rm+1
vH. | U™ — g (Cp—j — Cne ]+1)U cnU; HU™ =p" " o,U;

j=1
+HFM1<i <N, — 1, (3.47)
U =g(x;), 0<i<N,, (3.48)

Remark 3.3. We assume that the solution U} is found with the order of accuracy
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O(A3*, h*). For example, we can use NS1[101] formula and solve problem (3.31)-

(3.33) on the time interval [0, At] with step size At = O (Atg%g>.

Note that we can recursively solve the discrete scheme (3.47)-(3.49) for U, 1 <i <

N, —1,2 <n < N;—1, and obtain the numerical solution of problem (3.31)-(3.33).

3.3 Stability and convergence analysis

In this section we provide stability and convergence analysis of both schemes: CFD;
and CFD,. We now introduce notation for the analysis of both schemes. For any v,

v € Dj, we define the discrete inner product and norms as follows

Nz—1
<U7’l9>h =h Z Ui + ’191'7 Hth = <U7U>h7
=1
max |v,
1<i<Ngz—1

Similarly, we can define ||H.v||.

3.3.1 Stability and convergence analysis of CFD; scheme

In this subsection we provide stability and convergence analysis of CFD; scheme
(3.40)-(3.42).

Lemma 3.8. For the numbers rp,, 0 < m < j + 1, the following inequalities hold

J

Fiur > (Frpr — Fe)wj k> %Z ((Frsa)® = (F2)?) wjr + ;s (Z(f’m B fk)wjk) |

k=0 k=0 k=0
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j 1 J 1 j 2
Y (e — Fe)wjg > 3 ((Fri1)? = (7)) wjx — Sy —wy) (Z(ﬁm - fk)“h‘—k) :
k=0 k=0 k=0
Proof. Using Lemma 1 of [7], we immediately get the proof. O

Using Lemma 3.8, we obtain the following inequality that is needed in getting the a

priori estimate.

Lemma 3.9. For the numbers rp,, 0 < m < n+ 1, the following inequality holds
{oFn1 + (1 — o)y} ;O(TkJrl — Fr)wn g > 3 kz_o (Frs1)® = (75)?) Wi

whereazl—%.

Let ] solve the following problem

n

vH, |weu T — Z(wn,k — Wy 1)U — wy @ | + " TIHAMT = p os2arte
k=1
+ HEM 1<i <N, —1, (3.50)
i) = go(z;), 0<i<N,, (3.51)
Uy = ¢1(ty), Uy, = da(tn), 1<n <N, (3.52)

Suppose ¢/ = @) — U’. Then, from equations (3.50)-(3.52) and (3.40)-(3.42), it is

evident that ¢/ € Di and solves the following linear system

n

v, (w0l ™ = (waog — wnki1)of — wadl | + ¢ H O = p 00t
k=1

+HEM7 1<i< N, —1, (3.53)
Q? = gO(aji) - g(xi)’ 0<1i< N, (3'54)
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where F"*7 = EMo — F™7 . Now, we will prove a result that will directly show

that the CFD; scheme (3.40)-(3.42) is stable.

Theorem 3.4. The solution to the discrete problem (3.53)-(3.55) satisfies
lo 2 < (= 2 1917 + ¢ max [|FHF; (3.56)
h=\5 P Eo AN hi- '

Proof. On multiplying equation (3.53) with hH.0}t” and then summing from i = 1

to N, — 1, we get

n

v | wo(Heo™ 7, Hog" W = D (W — woeirr) (Fe0™ 7, Hoo")n — w (FHeo™, HCQ())h]
k=1

= p" T He 0", 620" ) — T (He0M T He o TN A (He0" T FHET)

(3.57)

Now, applying Lemma 3.9 to the left side of the equation (3.57) gives

n

wo(Heo™ 7, Hod™ MV = D (W = Waps )1 (He0" 7, Hed") i — wa (He™ 7, Hod)

k=1
1 n
> B [wOH:HcQTH—l“%L - Z(wn—k - wn—k—l-l)Hg{ch“%L - wan_chO”i] . (3.58)
k=1
Next,

h2
<j_ccgn+a’ 52Qn+0>h — <Qn+o’ 52Qn+0> 4+ = <52 n-+o 52 n+a>h

12 h Nz—1 9 Ny—1 9
3 () [ X () X ()]

2
(smce h? ((52 ”+") <2 (5xQ”+U> +2 (5xgn+a> )
o Naml
< —= Z h ( ”+"> , (using discrete Poincare inequality )

IN

<- s ||
=T30—a)?

o2, (3.59)



Chapter 3. Numerical approximations of Caputo—Prabhakar fractional derivative

and their application 83
Moreover, for € = % > (, the Young’s inequality yields

rn+o n—+o 1 rn+o
(Hed™ 7, FF") < €| Hed" |} + 1 lIFE™ I7

Nz—1 n+o n+o nto\ 2
i— + 10 7 + i 1 n+o
I e R

i=1 12
8pn+a o 3(b — a) o
B S(b — (1) HQ " H}QL + 32pn+a ||:}CCF * ||i (360)

Now, the use of inequalities (3.58), (3.59) and (3.60) in equation (3.57) yields

wol| Heo" Ml = D (wnk = waii1) [Heo® | — wal|Hee"|I7
k=1
3(b—a) _
< g_CCFn+U 2
< o I
which gives

n

wol| Heo 17 =D " (wnop — woir)|He" 7

k=1
3(b—a) _
< N :H:c 0112 J_CanJra 2 ]
< (I + o |9
Thus, using Lemma 3.2 and noting that nAt < T, we get
wol|Hee" M IR =Y~ (W — Wi g [1He0" (I} < whx, (3.61)
k=1
where
v = || 0112 K Fl-‘ro‘ 2
X = 1960l + . [9GF:
and ¢ = 3-ard-—a)T*

4pn+o'

Next, we prove by induction that

[Heo" M <X, 0<n <N —1. (3.62)



Chapter 3. Numerical approximations of Caputo—Prabhakar fractional derivative
and their application 84

Putting n = 0 in equation (3.61) we get
13017 < X

which is identical to (3.62) for n = 0. Now let us assume that (3.62) holds for

n=20,1,...,5 — 1, that is,
[Heo M r<x, 0<n<j-—L (3.63)
Using n = j in inequality (3.61) and Lemma 3.3 together with assumption (3.63)
we get
J

j
wol|FHeo M7 <D (wjmk — wimpa) | Heeb I+ wix < D (wj—k — wjk) +w; | X
k=1 k=1

= WoX-
Thus, (3.62) holds for all n. The norms || H.o||, and ||g||, are equivalent, since
5
5 el < 19l < llell. (3.6
Thus, (3.56) follows from (3.62) and the first inequality in (3.64). O

Now we will prove the main convergence theorem.

Theorem 3.5. Let u € C%3([a,b] x [0,T]) be the solution of problem (3.31)-(3.33)
and {U",0 < i < N,,1 <n < N;} be the solution of the discrete problem (3.40)-
(3.42). Then, the following result holds

Juf Tt — UM, < e(A7, A% hY).

)
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Proof. Let "™ = u!™ — U™, Now subtracting the linear system (3.40)-(3.42)

)

from (3.37)-(3.39) we get

n

vH, |wort ™ =Y (wn = Waky1) @ — wal | + ¢ TTHp] T = p TGO

k=1

+ R 1<i< N, — 1, (3.65)

Pl =0, 0<i<N,, (3.66)
o =0, ¢y, =0, 1<n< N (3.67)

Since ¢! € D;, therefore applying Theorem 3.4 for the error equation (3.65)-(3.67)
we have

"2 < ¢ max |[{RFZ, 0<n< N, -1 (3.68)
0<I<N;—1

Since we have the following truncation error bound

max ;R = O(AL™*, At hY),

0<I<Ng—1

therefore, using it in equation (3.68) yields the result. O

3.3.2 Stability and convergence analysis of CFD, scheme

Here, we first define the inner product (.,.) for any grid functions v, J € D; as

follows
Na—1 Nap—1

h2
(0, 0) =h Y Gv1 001 — 5" > 8- 020;. (3.69)
i=0 i=1
Lemma 3.10. [95] For any grid function ¥ € D, the following inequality holds

vVb—a

oo <
9]0 < ¥

191
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Lemma 3.11. For any grid function ¥ € D;, the following inequalities hold
2 00 2
208 < (0,9) < oI

Proof. From equation (3.69) we have

No—1 2 2 Ned ,
_ 2
(0,9) = h ; (6:y) — 350 ; (620,)°,
No—1 )
< n Y (60y)
=0
= L.
Now
No—1 o 2 Nl )
_ 2
@0,9) = h 2; (5$19Z-+%> - 35 2; (620,)°
h2
= - e
2 2 . . . 2 2
> 5]19‘17 using the inverse estimate||6;0|| < 5]19\1 :
Thus, we have the proof. ]

Let ﬁi solve the following problem

n

~nt1 - j 0
v, [coui — g (Cnj — Cn—ji1)Ul — cpi;

=1

n+1 ~n+1 _  n+1c2~n+1
+q"Heau T = ph o,

FHF, 1<i <N, — 1, (3.70)
W) = g(z;) +5, 0<i< N, (3.71)
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Suppose €/ = @ — U/. Then, from equations (3.70)-(3.72) and (3.47)-(3.49), it is

evident that e/ € D; and solves the following linear system

n

n+l J 0 n+1 n+l _ . n+l152 n+l
vH. | coe; g (Cnej — Cnjir)el —cne) | +¢ T Heel ™ =phTozel T,

j=1
1<i<N,—1, (3.73)

ed =5, 0<i<N,, (3.74)
eg =0, ey, =0, 1<n< N, (3.75)

Theorem 3.6. The solution to the discrete problem (3.73)-(3.75) satisfies

3(b—a
e e < /20D e, (3.76)

52 n—i—l)

Proof. On multiplying equation (3.73) by h(—dZel™), summing over i for i =

1,2,...,N, — 1, we have

Np—1 n
« h? ]
h Z 52 n+1 <1 + Etﬁ) (C()e;'ﬁ—l o Z<Cn—j - Cn—j-i-l)eg B C”e?>]
j=1
h2 T
52 n+1 52 ntl _ _ 3 5212
( ) S 2@

Applying the summation formula by parts and using equation (3.75), we get

Ngz—1 n
n+1 0
h E : (0a ez+1/2 €0z €z+1/2 E (Cn j = Cn—j+1)0z ez+1/2 Cn0z€; 11/
J=1
2 _n+l1 2 _n+1 2.7 2 0
h E : 53561' cO(Sxei - E :(Cn—j - Cn—j+1)5x€i - Cn(;xei + U
7j=1

Ny—1 Ny—1 Nx—l
[h > et - g 3 6| < -
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Arranging the terms of the above equation we get

Ng—1 2 N;—1 n
e 1 2 2 n 1
(h Z x H—-’—l/Z 12h Z 5 + > Z(Cn—j - Cn—j+1)

j=1
Np—1 ' po Nao
% <h Z (5"'3654-1/2)(5 e:L-qJ-rll/Q 12h Z 52 ] 5%?“))
i=0
n+1

Np—1
n n q
—Cp (h (5ze?+1/2)((5 61_:_11/2 12h Z (62e9) (%€ H)) + —
i=0 ;

v

N.—1 52 N.—1 +1 Na—1
X[hz $?j11/22 hz 52 n+1 ] hz 52 n+1

Thus, using the definition (3.69), we have

n

n+1
q n n n el
(‘“ ><€ L) = 3 ey — ), ) (e, )

v .
J=1

pn+l
— [62e™ 1|7,

which can also be written as
n
CO<€n+17€n+1> < Z(Cnfj o Cn7j+1)<ey7€n+l> + Cn<60,€n+1>.
j=1

Here, we make an assumption that we have verified numerically to hold. Assume

that for a € (0, @), the coefficients ¢; (0 < j < n,n > 2) satisfy
Co>C1>Cy >0 > 0. (3.77)

Now, using the Cauchy-Schwarz inequality, we get

IR o 1
co{@, ) < 5D (eamy = enmgr)) (€, ) )+ Seal(e, )
j=1

(),
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Equivalently,
n+1l _n+l 1 n+l _n+l 1 - 7 J 1 0o 0
co{e" T ") §§(co —cp) (e e + 521(cnj — Cpj1){€?,€) + §cn<e ,e”)
j:
1 n+1 _n+l
+ —cp (e e ).
2
Thus, we have
cole™, emt) < Z(cn_j — Cnjr1) (€, e7) + cn (e, e?). (3.78)
j=1
Now, we prove by induction that
("t ety < (e €%, n=0,1,...,N, — 1. (3.79)

Put n = 0 in equation (3.78) to get
<€1,€1> § <€0,60>

which is identical to (3.79) for n = 0. Further, let us assume that (3.79) holds for

k=0,1,...,n, that is,
(e efy < (e e, k=1,2,...,n. (3.80)

The inequality (3.78) together with the assumption (3.80) yield

n
ol e") <3 (eny = cagra) (€, €) + ale, )
j=1
n
<D (e = i) e[ () = o€, ).
j=1



Chapter 3. Numerical approximations of Caputo—Prabhakar fractional derivative
and their application 90

Thus, (3.79) holds for all n. Finally, combining inequality (3.79) with Lemmas 3.10

and 3.11, we have

b—a 3(b—a 3(b—a 3(b—a
||en+1||2 S ( 4 )|en+1 % S ( 8 )<€n+1, 6n+1> S ( 8 )<60, 60> S ( )|60 %’
which completes the proof. O

Now we will prove the main convergence theorem.

Theorem 3.7. Let u € C%? ([a,b] x [0,T]) be the solution of problem (3.31)-(3.33)
and {U"0 < i < N,,1 <n < N} be the solution of the discrete problem (3.47)-
(3.49). Then, the following result holds

|ul ™ — UM o < (AP, RY). (3.81)

Proof. Let pi™' = u*' — U, Now subtracting the linear system (3.47)-(3.49)

7

from (3.44)-(3.46) we get

n

v, COp;'H_l o Z<Cn—j - Cn—j-i-l)pg + qn—Hg_Ccp;H_l = pn+1(5§p?+1 + Q:RzT'H_lv

7=1
1<i< N, —1, (3.82)
=0, 0<i<N,, (3.83)
po =0, py, =0, 1<n< N, (3.84)

On multiplying equation (3.82) by h(—d2p!) and summing over i fori = 1,2,..., N,—

1, we have

s . . i - WP o e
(co + ) (M) =D (eny = a0l ") = 102"

Jj=1



Chapter 3. Numerical approximations of Caputo—Prabhakar fractional derivative
and their application 91

Nll

— - Z (8207 (LRITY) = Dy 4+ Dy + D3, (3.85)

where

Nz—1

1
= — —h Z 5;%0?“ :RZMI) < ; pn+1||632610n+1”2

4 — ” Rn+1||2

n+1
<P

At®

pn+1

n+1
162 0™ | + 2R < ” (02" HIP + At (AT R,

with ¢* a positive constant.

Now substituting the values of D;, Dy, and D3 in equation (3.85) and noticing

cn >0, q > 0, yields
ol p" ) <Y enj = cogr) (07, 07) + AAL(AL T Y, (3.86)
j=1

where 7 = 2¢*.

Now we prove by induction that

(" o™ < Fo, PA (AP RN, n=0,1,..., N, — 1. (3.87)
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Put n = 0 in equation (3.86) to get
(p',p") < Ay A (AT R,

which is identical to (3.87) for n = 0. Now let us assume that (3.87) holds for

k=0,1,...,n, that is

(PF, ") < A A (AT Y, k=1,2,...,n. (3.88)

The inequality (3.86) together with (3.77) and assumption (3.88) yield

ol ) <3 (emy — o) FE L AL (AL 1) + A (AP Y

i=1

<N (g = comjrn) ¥, AR (AT RN + FAE (A 1Y),

j=1

Equivalently,
colp™™, p"Y) <(co — en)Fe, PALY (AT B2 £ FALY(AL Y )2,
which gives
(L, ) <Ae LA (AP, )2,

Thus, (3.87) holds for all n. Now, combining inequality (3.87) with Lemmas 3.10

and 3.11, we have

3(b—a)
8

(b—a)
4

3(b—a)

o, < :

|pn+1ﬁ S <pn+1 pn+1> S

Y

Fe LAY (AT b2,

Finally, using Lemma 3.5 with nAt < T yields (3.81). Thus, we have the proof. [
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3.4 Numerical results

In this segment, we present numerical results for three test problems to assess the
practical performance of the proposed numerical scheme. If u(x;,t,) and U(x;,t,)
are the exact and approximate solutions of problem (3.31)-(3.33) respectively at the

grid point (z;,t,), then the accuracy of the numerical solution is measured as follows

Loo(h,At) = |lu — Ul =  Mmax  max |u(zi, tn) — Uz, tn)], (3.89)
Ng—1

Lo(h, At) = [lu = Ul = max | h > (i, tn) — Ui 1)) (3.90)
== =1

The following formula is used to evaluate the order of convergence

logs (ﬁiggﬁg;) , in time,

cov.order = (3.91)

logs (ﬁigg;ig) , in space,
where [ = 2 or co.

Example 3.1. [101] Let us consider the function f(¢) = t*.

We numerically compute the Caputo-Prabhakar derivative of order 0 < a < 1 of
this function using CPL2-1, and CPL-2 type formulas. The Caputo-Prabhakar

derivative of f(t) is given by

0D} oo f () =24t E57_ (ktP). (3.92)

B,C!,K)

First, we take a positive integer NV; and let At = 1/(N; — 1 4 o). We evaluate the

a-order Caputo-Prabhakar derivative of f(t) at t = ty,_11, = 1 numerically using
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CPL2-1, formula. Further, we use CPL-2 formula at t = ¢y, = 1, taking At = 1/N,

for the approximation of the Caputo-Prabhakar derivative.

TABLE 3.1: (Example 3.1) Comparison with method in [101] taking different At
and o using CPL2-1, formula.

NS1 CPL2-1, formula
scheme[101]
a N L -error cov.order; L -error cov.order;
0.2 100 2.92662¢e-04 - 2.21262e-05 -
200 8.86059¢-05 1.723757659 5.61906e-06 1.977358603
400 2.65645¢-05 1.737904658 1.44343e-06 1.960819923
800 7.90371e-06 1.748897714 3.73923e-07 1.948694524
0.4 100 1.47581e-03 - 6.35471e-05 -
200 4.96921e-04 1.570416172 1.82866e-05 1.797036120
400 4.96921e-04 1.580328503 5.35648¢-06 1.771431898
800 5.53033e-05 1.587249740 1.58794e-06 1.754128065
0.6 100 5.71319¢-03 - 1.81328e-04 -
200 2.17575e-03 1.392781457 5.98205e-05 1.599896952
400 8.25247¢-04 1.398617328 2.01229¢-05 1.571798676
800 3.12264e-04 1.402056679 6.85475e-06 1.553663984

Table 3.1 provides a comparative analysis between our findings and those of a prior

study [101], showcasing both the maximum absolute error and the order of conver-

gence. This table shows that the convergence order, when employing the CPL2-1,

formula for various fractional orders, is at least 2 — o at t = ty,—14, = 1. This re-

sult aligns with the findings in [101], although the proposed methodology showcases

improved error accuracy. Likewise, Table 3.2 exhibits the maximum absolute error

and convergence order attained by utilising the CPL-2 formula. This table further

demonstrates that the convergence order across various fractional orders achieved by

applying the CPL-2 formula is approximately 3 — . This result mirrors the findings

in [101], while our work showcases an enhanced order of accuracy.
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TABLE 3.2: (Example 3.1) Comparison with method in [101] taking different At
and « using CPL-2 formula.

NS2 CPL-2 formula
scheme[101]
a N L ,-error cov.order; L -error cov.order;
0.2 100 3.32797e-06 - 5.11628e-07 -
200 4.99005e-07 2.737515094 7.60127e-08 2.750783006
400 7.41959¢-08 2.749644469 1.12215e-08 2.759972443
800 7.41959¢-08 2.758787851 1.64838e-09 2.767144093
0.4 100 1.71402e-05 - 3.00994e-06 -
200 2.86770e-06 2.579412678 4.99298e-07 2.591762886
400 4.77128e-07 2.587447205 8.25311e-08 2.596891139
800 7.90924¢-08 2.587447205 1.36097e-08 2.600294373
0.6 100 6.88032e-05 - 1.37821e-05 -
200 1.30627e-05 2.397022839 2.59835e-06 2.407125862
400 2.47207e-06 2.401662957 4.89143e-07 2.409269094
800 4.67021e-07 2.404159009 9.20220e-08 2.410206949

TABLE 3.3: (Example 3.2) Comparison with method in [101] taking ov = 0.85 and

N, = 512.
NS1 CFDj scheme
scheme[101]

Ny L -error cov.order; L -error cov.order;

20 7.50178e-04 - 1.68162¢-04 -

40 3.33834e-04 1.1681013956  4.53720e-05 1.8899776611
80 1.47578e-04 1.1776528864  1.27086¢-05 1.8359933113
160 6.43087¢-05 1.1983931954  3.73784e-06 1.7655324942

Example 3.2. [101] Let us consider problem (3.31)-(3.33) on the domain (0, 1) x
(0,1] with the assumption that the function u(z,t) = sin(rz) + z(z — 1)¢* is the

exact solution.

We have solved this problem taking o = 0.85, p(t) = 1, and ¢(t) = 0, and display
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TABLE 3.4: (Example 3.2) Comparison with method in [101] taking ov = 0.85 and
N, = 512.
NS2 CFDs scheme
scheme[101]

N; L jo-error cov.order; L -error cov.order;

20 1.38449e-04 - 2.3980e-05 -

40 3.80566e-05 1.863134649 1.0177e-05 1.232051516
80 1.06408e-05 1.838532264  3.5290e-06 1.527988936
160 3.10503e-06 1.776936275 1.0938e-06 1.689906557

the results in Tables 3.3, 3.4, and 3.5. In Table 3.3, we compare the proposed
scheme CFD; with the scheme NS1 in [101] and show that the temporal order of
convergence obtained using the CFD; scheme is at least 2 — a, which is the same as
in [101], but order of accuracy has been increased in our work. Similarly, Table 3.4
displays the temporal order of convergence obtained using the CFD5 scheme. The
table shows that the convergence order for both NS2 and CFDy schemes falls below
3 — a, primarily due to the unmet conditions on u. However, the comparison does
indicate a noticeable enhancement in the error accuracy achieved within our study.
In Table 3.5, we present the £-error obtained using the CFD; and CFDy schemes
for different values of discretization parameter N, with N, = 600 and compare with
NS1 and NS2 schemes. From this table, we see that the error decreases as N,
increases and error accuracy has been improved in the CFD; and CFD, schemes
as compared to the NS1 and NS2 schemes. Further, Table 3.6 shows the Ly-error
and spatial order of convergence obtained using the CFD; and CFDy schemes for
different fractional orders. Analyzing this table, it becomes apparent that both the
CFD; and CFD; schemes exhibit fourth-order accuracy in the spatial direction. In
contrast, the NS1 and NS2 schemes proposed in [101] are limited to second-order

accuracy.
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TABLE 3.5: (Example 3.2) Comparison with method in [101] taking N; = 600

and o = 0.85.
N, NS1 CFD; scheme NS2 CFD, scheme
scheme[101] scheme[101]
10 8.00858¢-03 3.96655e-05 8.02309e-03 3.92385e-05
20 1.98427¢-03 2.87219¢-06 1.99880e-03 2.44541e-06
40 4.84736e-04 5.79700e-07 4.99266e-04 1.52932¢-07
80 1.10259¢-04 4.36530e-07 1.24789¢-04 9.87363e-08
160 1.66651e-05 4.27583e-07 3.11959¢-05 9.81658e-08

TABLE 3.6: (Example 3.2) Lo-error, Lo-error and respective spatial orders of

convergence taking different o and Ny = 7000.

CFD; scheme

CFD, scheme

o N, Loy-error cov.order,, Lo-error cov.order,
02 22 1.0172e-03 - 1.4385e-03 -
23 6.2415e-05 4.0266 8.8267¢e-05 4.0265
24 3.8834e-06 4.0065 5.4914e-06 4.0066
20 2.4272e-07 3.9999 3.4282e-07 4.0017
0.5 22 1.0508e-03 - 1.4860e-03 -
23 6.4473e-05 4.0266 9.1177e-05 4.0266
24 4.0119e-06 4.0063 5.6725e-06 4.0066
20 2.5131e-07 3.9968 3.5412e-07 4.0017
0.8 22 1.0972e-03 - 1.5517e-03 -
23 6.7325e-05 4.0266 9.5204e-05 4.0267
24 4.1940e-06 4.0048 5.9230e-06 4.0066
20 2.6725e-07 3.9721 3.6976e-07 4.0017

Moreover, in Figure 3.1, we plot the three-dimensional graphics of numerical solu-

tions obtained using the CFD; and CFDy schemes and the exact solution of Example

3.2 taking p(t) = 1, and ¢(t) = 0. Obviously, this figure compares the numerical and

exact solutions and we see good approximations using the CFD; and CFD, schemes.
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FiGUrE 3.1: Comparing numerical and exact solutions of Example 3.2 with o« =
0.6 M = N = 50.
Example 3.3. Let us consider problem (3.31)-(3.33) on the domain (0,1) x (0, 1]

with the assumption that the function u(z,t) = 3 cos (7T.T + g) is the exact solution.

We have solved this problem taking p(t) = t, ¢(t) = 1 — sin(¢), with the outcomes
being showcased in Tables 3.7 and 3.8. Table 3.7 shows the Ls-errors, temporal
and spatial order of convergence for different fractional orders obtained using the
CFD; scheme. From this table, we observe that the temporal and spatial orders
of convergence are at least 2 — a and 4, respectively, the same as the theoretical
orders. Similarly, Table 3.8 displays L.-error, temporal and spatial convergence

orders obtained using the CFDy scheme. This table indicates that the temporal
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FiGURE 3.2: Comparing numerical and exact solutions of Example 3.3 with a =

and spatial orders of convergence are almost 3 — o and 4, respectively, which are in

agreement with the theory.

Moreover, Figure 3.2 compares the exact and numerical solutions using the CFD;

and CFDs methods for Example 3.3. The graph illustrates close agreement between

the two, highlighting the effective approximation of the proposed schemes.
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TABLE 3.7: (Example 3.3) Lo-error and corresponding order of convergence using

CFD; scheme.

a N, N, Lo-error cov.order; NV N, Lo-error cov.order,
0.2 500 20 4.1356e-04 - 5000 22 9.6170e-04 -
40 1.0259¢-04 2.0112 23 5.9008e-05  4.0266
80 2.5456e-05  2.0108 24 3.6646e-06  4.0092
160 6.3247e-06  2.0089 2° 2.2226e-07  4.0434
0.5 500 20 9.0712e-04 - 5000 22 8.9759e-04 -
40 2.3608e-04  1.9420 23 5.5068e-05  4.0268
80 6.1976e-05 1.9295 24 3.4085e-06  4.0140
160 1.6442e-05 1.9143 25 1.9525e-07  4.1258
0.8 500 20 1.5779e-03 - 5000 22 8.1419e-04 -
40 4.7199e-04  1.7412 23 4.9879e-05  4.0289
80 1.4717e-04  1.6813 24 3.0073e-06  4.0519
160 4.7815e-05 1.6219 2° 1.6228e-07  4.2119
TABLE 3.8: (Example 3.3) Loo-error and corresponding order of convergence
using CFDy scheme.
a N, N, L -error cov.order; IV N, L -error cov.order,
0.2 500 20 1.3165e-05 - 5000 22 1.3601e-03 -
40 2.2132e-06  2.5725 23 8.3460e-05  4.0264
80 3.5867e-07  2.6254 24 5.1924e-06  4.0066
160 5.6396e-08  2.6690 2° 3.2415e-07  4.0016
0.5 500 20 9.0651e-05 - 5000 22 1.2694e-03 -
40 1.7347e-05  2.3857 23 7.7905e-05  4.0263
80 3.2115e-06  2.4333 24 4.8468e-06  4.0066
160 5.8216e-07  2.4638 2° 3.0263e-07  4.0014
0.8 500 20 4.0463e-04 - 5000 22 1.1516e-03 -
40 9.1946e-05 2.1377 23 7.0685e-05  4.0261
80 2.0365e-05  2.1747 24 4.3989¢-06  4.0062
160 4.4496e-06  2.1943 2° 2.7581e-07  3.9954
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3.5 Conclusion

In this chapter, we have introduced two novel difference approximations for the
Caputo-Prabhakar time-fractional derivative, namely CPL2-1, and CPL-2, with ap-
proximation orders O (At?~%) and O (At37?), respectively. The fundamental features
of these difference operators are discussed. Subsequently, we constructed two novel
discrete schemes, namely CFD; and CFD,, for solving the Caputo-Prabhakar frac-
tional reaction-diffusion equation with variable coefficients. These schemes possess
temporal orders of 2 — a and 3 — «, respectively, while simultaneously maintaining
a spatial accuracy of order four. The theoretical analysis, including the stability
and convergence of both schemes, has been rigorously discussed using the discrete
energy method. The convergence orders O(At>~*, At? h*) and O(A#37 h?), re-
spectively, of the CFD; and CFD, schemes have improved the existing works and
are best to date for the variable coefficients Caputo-Prabhakar fractional reaction-
diffusion equation. Finally, the current schemes have been implemented on three
test problems, thus confirming the theoretical results and showing the viability of

the proposed schemes.
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